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Abstract 

This article focuses on studying global stability of the prey-predator model with Crowley-Martin type functional 
response and stages structure for predator population. The analytical methods in this article are starting with the 
construction of a prey-predator model, determining stability of the equilibrium point by linearizing the model, 
analyzing the global stability of the equilibrium point using the Lyapunov method and the Krasovsky method, 
performing numerical simulations, and ecologically interpreting the global stability. The results of the study show that 
the prey-predator model with the Crowly-Martin type of functional response and stages structure of the predator 
population has one non-negative interior equilibrium point. The interior equilibrium point becomes globally 
asymptotically stable under a certain condition. This means that even if there is a tight interaction or predation on prey 
over a long period of time, the prey population will still be sustainable and also be stable. The global stability of the 
interior equilibrium gives an ecological interpretation that the ecosystem life is under control for a long period of time. 

Keywords: Global Stability, Prey-Predator Model, Crowley-Martin Type, Structural Stages. 

1. Introduction
Mathematical models are generally used to explain the natural phenomena and factual reality in a simple 

mathematical form, which in turn is also used to predict system behavior for the future (Toaha, 2013). The application 
of mathematical models in the ecological aspect has attracted experts to study and analyze mathematically the factors 
that affect the ecosystem of living things and the balance of living things and the interactions therein (Sivasamy et al, 
2019). Meanwhile, on the economic aspect, it has had a positive impact on the fulfillment of basic human needs and 
can increase income for the surrounding community (Dubey et al, 2018), with strict requirements in maintaining the 
stable environmental conditions, not damaging the ecosystem, so that the population remains sustainable and 
maintained its sustainability. 

Some strategies and conditions will be created naturally to protect the environment and it will continue 
throughout the life history of living things, with the main condition being that environmental conditions remain stable. 
The interaction pattern of living things consists of various types, including interactions with predator and prey that 
follows the Lotka-Volterra model (Didiharyono at al, 2021). The prey-predator model, in principle, illustrates that in 
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the population dynamics system, the mathematical modeling is very diverse according to the variables and parameters 
developed. Studies on modeling in population dynamics continue to be carried out and are always developing and 
progressing with efforts to generalize, modify, expand, and develop predator prey model based on known variables 
(Sivasamy et al, 2019). However, due to the complex nature of biological species, environmental conditions, and 
population dynamics conditions are so complete that they need to be investigated carefully because all variables in 
mathematical equations have different meanings and parameter values. The complexity of the population dynamics 
model is determining factor in compiling a mathematical equations for predator prey models. The resulting model is 
expected to be solved analytically based on assumptions built according to the parameter values (Toaha, 2013). 

The study and analysis of prey-predator modeling has attracted the attention of ecologists and mathematicians 
in theory and application because of its universal existence and playing an important role in the field of ecology 
including biodiversity. One of the main goals of ecological aspect modeling is to form accurate mathematical models 
and provide better mathematical descriptions with biological or ecological interpretations that accommodate realistic 
biotic and abiotic situations. Some examples of realistic situations are the level of consumption of predatory prey with 
various types of response functions, including the Holling type response function which includes Holling types I, II, 
III, and IV (Mortoja et al, 2018). Some various types of response were further developed in the Beddington-DeAngelis 
response function and the Crowley-Martin response function (Dubey et al., 2018). 

The prey-predator population model analyzed in this article is a prey-predator model with a Crowley-Martin 
type functional response. The Crowley-Martin predator prey model consists of parameters 𝜶𝜶 > 𝟎𝟎, 𝝈𝝈 > 𝟎𝟎, and 𝝑𝝑 > 𝟎𝟎, 
with the equation 𝒏𝒏(𝒙𝒙,𝒚𝒚) = 𝜶𝜶𝒚𝒚𝒙𝒙

(𝟏𝟏+𝝈𝝈𝒙𝒙)(𝟏𝟏+𝝑𝝑𝒚𝒚)
= 𝜶𝜶𝒚𝒚𝒙𝒙

𝟏𝟏+𝝈𝝈𝒙𝒙+𝝑𝝑𝒚𝒚+𝝈𝝈𝒙𝒙𝝑𝝑𝒚𝒚
 where 𝜶𝜶, 𝝈𝝈, 𝝑𝝑 are positive parameters that indicate the 

maximum level of predator predation, handling time, and the magnitude of disturbance among predators with variables 
x and y being the population density of the prey and predator (Dubey et al., 2018) (Mortoja et al, 2018). The Crowley 
Martin-type prey-predator model of response function is a development of the Holling-type II predator-prey model 
which focuses more on efforts to stabilize prey-predator interactions (Li et al, 2015) (Chen, 2017) (Zhang et al., 2018). 

There are also several studies using the Crowley-Martin type prey-predator model of functional response that 
are relevant to this study. Among them, research on viral dynamics models, Human Immunodeciency Virus (HIV), 
and other infectious diseases with Crowley-Martin type functional response of infection rate was investigated (Zhou 
& Cui, 2011) (Xu, 2012) (Kang et al, 2017) (Kumari & Mohan, 2019). There is also an analysis that modifies the 
Leslie–Gower prey model with the Crowley–Martin type, the functional response and the distribution of predator prey 
(Yin et al, 2014) (Li, 2014) (Zhou, 2014) (Zhou, 2015) and adds the assumption that harvesting occurs in prey 
population (Sivasamy et al., 2019). Then, there are also those who use the Crowley–Martin type of functional response 
to see the delayed dynamics of the phytoplankton-zooplankton system (Liao et al, 2017) and perform non-autonomous 
stochastic analysis on the prey-predator model (Zhang et al, 2016) (Xu et al, 2019). Furthermore, there is an analysis 
of bifurcation and chaos control with a discrete time Crowley–Martin-type prey-predator model functional response 
(Rana, 2019) and involving two delay times (Liu et al, 2019). 

Some of these reference sources are used as the main and supporting references in this article. The prey-
predator model analyzed will determine the equilibrium point, then a stability analysis is carried out from the non-
negative equilibrium point to determine the behavior of the system for a certain period of time (Li et al., 2015). The 
global stability is also analyzed based on equilibrium points that associates with local stability using the Lyapunov 
method, namely by constructing the Lyapunov function using the Krasovsky method. Based on this description, the 
purpose of this study is to analyze the global stability of prey-predator model with Crowley-Martin type functional 
response and stage structure for predator population. 

 
2. Methods 

The research method is quantitative research in mathematical modeling which analyses analytically and 
numerically. The analysis will be carried out by studying some of the literature that has been compiled from 
observations and study results based on parameter data obtained from various reference sources and estimated based 
on calculations in population dynamics modeling. The results of the research will be outlined and described in detail 
which will be presented in the form of analytical analysis and numerical simulations with the help of computer 
software. The research activity begins with the construction of a prey-predator model, determining the stability of the 
equilibrium point by linearizing the model, analyzing the global stability of the equilibrium point which associates 
with the local stability using the Lyapunov method by constructing the Lyapunov function using the Krasovsky 
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method, then performing numerical simulations using Maple software, and interpreting ecologically the obtained 
global stability. 
 
3. Results and Discussion 
3.1 The Predator-Prey Population Model 

The results of the study show that the prey-predator model has of the Crowley-Martin type functional response 
and the presence of stages structural in predator population as shown in Equation (1). This model is a development of 
the predator-prey model with harvesting the two prey-predator populations (Shi et al, 2011). 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑟𝑟𝑟𝑟 �1 − 𝑑𝑑
𝐾𝐾
� − 𝛼𝛼𝛼𝛼𝑑𝑑

(1+𝜎𝜎𝑑𝑑)(1+𝜗𝜗𝛼𝛼)
  

𝑑𝑑𝛼𝛼
𝑑𝑑𝑑𝑑

= 𝛿𝛿𝛼𝛼𝛼𝛼𝑑𝑑
(1+𝜎𝜎𝑑𝑑)(1+𝜗𝜗𝛼𝛼)

− (𝑏𝑏 + 𝑑𝑑)𝑦𝑦                                                         (1) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑦𝑦  
𝑟𝑟(0) ≥ 0,       𝑦𝑦(0) ≥ 0,       𝑐𝑐(0) ≥ 0. 

By adding the assumption that there is a level of interaction between mature predators and prey, then the equation (1) 
becomes 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑟𝑟𝑟𝑟 �1 − 𝑑𝑑
𝐾𝐾
� − 𝛼𝛼𝛼𝛼𝑑𝑑

(1+𝜎𝜎𝑑𝑑)(1+𝜗𝜗𝛼𝛼)
− 𝛽𝛽𝑐𝑐𝑟𝑟  

𝑑𝑑𝛼𝛼
𝑑𝑑𝑑𝑑

= 𝛿𝛿𝛼𝛼𝛼𝛼𝑑𝑑
(1+𝜎𝜎𝑑𝑑)(1+𝜗𝜗𝛼𝛼)

− (𝑏𝑏 + 𝑑𝑑)𝑦𝑦                  (2) 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜃𝜃𝑐𝑐𝑟𝑟 − 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑦𝑦 

𝑟𝑟(0) ≥ 0,       𝑦𝑦(0) ≥ 0,       𝑐𝑐(0) ≥ 0. 
The symbols description for equation (2) are given in Table 1 below. 

Table 1. Parameter Description 
Parameters Parameters description 

x density of prey 
y density of immature predator 
z density of mature predator 
K environmental carrying capacity for prey 
𝒓𝒓 intrinsic growth rate of prey 
𝜶𝜶 level of interaction (predation) of immature predator on prey 
𝜷𝜷 level of interaction (predation) of mature predator on prey 
𝝈𝝈 handling time of prey 

  𝝑𝝑 magnitude of disturbance among predators 
𝜹𝜹 conversion rate of immature predator 
𝒅𝒅 conversion rate from immature predator to mature predator 
𝜽𝜽 effectiveness of interaction (predation) of mature predator on prey 
b natural death of immature predator 
c natural death of mature predator 

Furthermore, the interaction between prey and predator populations of equation (2) is shown in Figure 1 below. 

 
Figure 1. Interaction Diagram between prey and predator populations 
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Based on equation (2), a non-negative equilibrium point will be determined using Maple's help. The equilibrium point 
analyzed is an equilibrium point where the equilibrium point values are all positive and occurs at the first octant. The 
equilibrium point of equation (2) is obtained by solving 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 0, 𝑑𝑑𝛼𝛼

𝑑𝑑𝑑𝑑
= 0, and  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 0. Write the equation (2) as 

𝑓𝑓1(𝑟𝑟,𝑦𝑦, 𝑐𝑐) = 𝑟𝑟𝑟𝑟 −
𝑟𝑟𝑟𝑟2

𝐾𝐾
−

𝛼𝛼𝑦𝑦𝑟𝑟
1 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦

− 𝛽𝛽𝑐𝑐𝑟𝑟 

𝑓𝑓2(𝑟𝑟,𝑦𝑦, 𝑐𝑐) =
𝛿𝛿𝛼𝛼𝑦𝑦𝑟𝑟

1 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦
− 𝑏𝑏𝑦𝑦 − 𝑑𝑑𝑦𝑦 

𝑓𝑓3(𝑟𝑟,𝑦𝑦, 𝑐𝑐) = 𝜃𝜃𝑐𝑐𝑟𝑟 − 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑦𝑦. 

In order to understand the local stability of equilibrium point then the equation (2) is linearized via Jacobian matrix as 
follows 

𝐽𝐽 =

⎝

⎜
⎛

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑑𝑑

𝜕𝜕𝑓𝑓1
𝜕𝜕𝛼𝛼

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑑𝑑

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑑𝑑

𝜕𝜕𝑓𝑓2
𝜕𝜕𝛼𝛼

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑑𝑑

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑑𝑑

𝜕𝜕𝑓𝑓3
𝜕𝜕𝛼𝛼

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑑𝑑⎠

⎟
⎞

 .                                                                          (3) 

The characteristic equation of the Jacobian matrix is determined by det(𝐉𝐉 − 𝜆𝜆 𝐈𝐈) = 0, i.e. 𝑓𝑓(𝜆𝜆) = 𝜆𝜆3 + 𝑎𝑎2𝜆𝜆2 + 𝑎𝑎1𝜆𝜆 +
𝑎𝑎0 , where the coeficients of the polynomial come from the Jacobian matrix evaluated at the equilibrium point. 
According to the Routh-Hurwitz stability criterion, the equilibrium point with three variables is asymptotically stable 
if and only if 𝑎𝑎0 > 0, 𝑎𝑎2 > 0, and 𝑎𝑎2𝑎𝑎1 − 𝑎𝑎0 > 0 (Toaha & Azis, 2018). Next, the equilibrium point and its stability 
will be determined and analyzed to understand the sustainability of the predator-prey population and numerical 
simulations will be carried out to confirm the analytical result. 
 
3.2 Equilibrium Point of the Model 

Equilibrium point 𝑇𝑇𝑇𝑇(𝑟𝑟,𝑦𝑦, 𝑐𝑐) of equation (2) is obtained by analyzing and solving the equations  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0,  𝑑𝑑𝛼𝛼
𝑑𝑑𝑑𝑑

=

0, and  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. Thus, from the equation (2), we have 

𝑟𝑟𝑟𝑟 − 𝑟𝑟𝑑𝑑2

𝐾𝐾
− 𝛼𝛼𝛼𝛼𝑑𝑑

(1+𝜎𝜎𝑑𝑑)(1+𝜗𝜗𝛼𝛼)
− 𝛽𝛽𝑐𝑐𝑟𝑟 = 0  

𝛿𝛿𝛼𝛼𝛼𝛼𝑑𝑑
(1+𝜎𝜎𝑑𝑑)(1+𝜗𝜗𝛼𝛼)

− (𝑏𝑏 + 𝑑𝑑)𝑦𝑦 = 0       (4) 
𝜃𝜃𝑐𝑐𝑟𝑟 − 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑦𝑦 = 0. 

There are four non-negative equilibrium points are obtained from equation (4). The equilibrium points are 
𝑇𝑇𝑇𝑇1(𝑟𝑟,𝑦𝑦, 𝑐𝑐) = (0, 0, 0), 𝑇𝑇𝑇𝑇2(𝑟𝑟,𝑦𝑦, 𝑐𝑐) = (𝐾𝐾, 0, 0), 𝑇𝑇𝑇𝑇3(𝑟𝑟,𝑦𝑦, 𝑐𝑐) = �𝑐𝑐

𝜃𝜃
, 0, 𝑟𝑟(𝐾𝐾𝜃𝜃−𝑐𝑐)

𝐾𝐾𝐾𝐾𝜃𝜃
�, and 

𝑇𝑇𝑇𝑇4(𝑟𝑟,𝑦𝑦, 𝑐𝑐) = �𝜔𝜔,
𝑏𝑏𝜎𝜎𝜔𝜔 + 𝑑𝑑𝜎𝜎𝜔𝜔 − 𝛼𝛼𝜔𝜔 + 𝑏𝑏 + 𝑑𝑑

(𝑏𝑏 + 𝑑𝑑)(𝜎𝜎𝜔𝜔 + 1)𝜗𝜗
,
𝑑𝑑(𝑏𝑏𝜎𝜎𝜔𝜔 + 𝑑𝑑𝜎𝜎 − 𝛼𝛼𝜔𝜔 + 𝑏𝑏 + 𝑑𝑑)
𝜗𝜗(𝜎𝜎𝜔𝜔 + 1)(𝜃𝜃𝜔𝜔 − 𝑐𝑐)(𝑏𝑏 + 𝑑𝑑)

�. 

The symbol 𝜔𝜔  in the equilibrium point above is the roots of the equation of (𝑏𝑏𝑟𝑟𝜎𝜎𝜃𝜃𝜗𝜗 + 𝑑𝑑𝑟𝑟𝜎𝜎𝜃𝜃𝜗𝜗) 𝑍𝑍4 +
(−𝐾𝐾𝑏𝑏𝑟𝑟𝜎𝜎𝜃𝜃𝜗𝜗 − 𝐾𝐾𝑑𝑑𝑟𝑟𝜎𝜎𝜃𝜃𝜗𝜗 − 𝑏𝑏𝑐𝑐𝑟𝑟𝜎𝜎𝜗𝜗 + 𝑏𝑏𝑟𝑟𝜃𝜃𝜗𝜗 + 𝑑𝑑𝑟𝑟𝜃𝜃𝜗𝜗)𝑍𝑍3 + (𝐾𝐾𝑏𝑏𝑐𝑐𝑟𝑟𝜎𝜎𝜗𝜗 + 𝐾𝐾𝑐𝑐𝑑𝑑𝑟𝑟𝜎𝜎𝜗𝜗 − 𝐾𝐾𝑏𝑏2𝜎𝜎𝜃𝜃 + 𝐾𝐾𝑏𝑏𝛽𝛽𝑑𝑑𝜎𝜎 − 2𝐾𝐾𝑏𝑏𝑑𝑑𝜎𝜎𝜃𝜃 −
𝐾𝐾𝑏𝑏𝑟𝑟𝜃𝜃𝜗𝜗 + 𝐾𝐾𝛽𝛽𝑑𝑑2𝜎𝜎 − 𝐾𝐾𝑑𝑑2𝜎𝜎𝜃𝜃 − 𝐾𝐾𝑑𝑑𝑟𝑟𝜃𝜃𝜗𝜗 + 𝐾𝐾𝛼𝛼𝑏𝑏𝜃𝜃 − 𝐾𝐾𝛼𝛼𝛽𝛽𝑑𝑑 + 𝐾𝐾𝛼𝛼𝑑𝑑𝜃𝜃 − 𝑏𝑏𝑐𝑐𝑟𝑟𝜗𝜗 − 𝑐𝑐𝑑𝑑𝑟𝑟𝜗𝜗) 𝑍𝑍2 + (𝐾𝐾𝑏𝑏2𝑐𝑐𝜎𝜎 + 2𝐾𝐾𝑏𝑏𝑐𝑐𝑑𝑑𝜎𝜎 +
𝐾𝐾𝑏𝑏𝑐𝑐𝑟𝑟𝜗𝜗 + 𝐾𝐾𝑐𝑐𝑑𝑑2𝜎𝜎 + 𝐾𝐾𝑐𝑐𝑑𝑑𝑟𝑟𝜗𝜗 − 𝐾𝐾𝛼𝛼𝑏𝑏𝑐𝑐 − 𝐾𝐾𝛼𝛼𝑐𝑐𝑑𝑑 − 𝐾𝐾𝑏𝑏2𝜃𝜃 − 𝐾𝐾𝑏𝑏𝛽𝛽𝑑𝑑 − 2𝐾𝐾𝑏𝑏𝑑𝑑𝜃𝜃  + 𝐾𝐾𝛽𝛽𝑑𝑑2  −𝐾𝐾𝑑𝑑2𝜃𝜃) 𝑍𝑍 + 𝐾𝐾𝑏𝑏2𝑐𝑐 + 2𝐾𝐾𝑏𝑏𝑐𝑐𝑑𝑑 +
𝐾𝐾𝑐𝑐𝑑𝑑2. 

The equilibrium points 𝑻𝑻𝑬𝑬𝟏𝟏(𝒙𝒙,𝒚𝒚, 𝒛𝒛), 𝑻𝑻𝑬𝑬𝟐𝟐(𝒙𝒙,𝒚𝒚, 𝒛𝒛), and 𝑻𝑻𝑬𝑬𝟑𝟑(𝒙𝒙,𝒚𝒚, 𝒛𝒛) are the equilibrium points with at least one of the 
compartment values is zero. These equilibrium points will not be considered because we just consider the interior 
equilibrium point. Because if the population compartment value is zero, then there is no growth and development of 
a population. The only one equilibrium point that will be analyzed is the equilibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) where the 
three point of components are positive. The equilibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) lies in the first octant when 𝝎𝝎 > 𝟎𝟎, 𝒂𝒂𝟏𝟏 +
𝝎𝝎𝟐𝟐 > 𝟎𝟎  and 𝒂𝒂𝟐𝟐 + 𝝎𝝎𝟐𝟐 > 𝟎𝟎. The stability of equlibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) will be analyzed locally and globally. 
 
3.3 Stability Analysis 

Analysis of stability of the equilibrium point is carried out using the linearization method and determining the 
stability by taking into account the eigenvalues obtained from the Jacobian matrix which are evaluated at the 
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equilibrium point. In equation (2) only the interior equilibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) will be analyzed for stability with a 
non-negative equilibrium point. By linearizing equation (2) using Jacobian matrix (3) we have  

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑟𝑟

= 𝑟𝑟 −
2𝑟𝑟𝑟𝑟
𝐾𝐾

−
𝛼𝛼𝑦𝑦

𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1
+

𝛼𝛼𝑟𝑟𝑦𝑦(𝜎𝜎𝑦𝑦𝜗𝜗 + 𝜎𝜎)
(𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1)2 − 𝛽𝛽𝑐𝑐 

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑟𝑟

=
𝛼𝛼𝑦𝑦

𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1
−

𝛼𝛼𝑟𝑟𝑦𝑦(𝜎𝜎𝑦𝑦𝜗𝜗 + 𝜎𝜎)
(𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1)2 ,

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑟𝑟

= 𝜃𝜃𝑐𝑐 

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑦𝑦

= −
𝛼𝛼𝑟𝑟

𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1
+

𝛼𝛼𝑟𝑟𝑦𝑦(𝜎𝜎𝑟𝑟𝜗𝜗 + 𝜗𝜗)
(𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1)2

 

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑦𝑦

= −𝑏𝑏 − 𝑑𝑑 +
𝛼𝛼𝑟𝑟

𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1
−

𝛼𝛼𝑟𝑟𝑦𝑦(𝜎𝜎𝑦𝑦𝜗𝜗 + 𝜗𝜗)
(𝜎𝜎𝜗𝜗𝑟𝑟𝑦𝑦 + 𝜎𝜎𝑟𝑟 + 𝜗𝜗𝑦𝑦 + 1)2

 
𝜕𝜕𝑓𝑓3
𝜕𝜕𝛼𝛼

= 𝑑𝑑, 𝜕𝜕𝑓𝑓1
𝜕𝜕𝑑𝑑

= −𝛽𝛽𝑟𝑟, 𝜕𝜕𝑓𝑓2
𝜕𝜕𝑑𝑑

= 0, and 𝜕𝜕𝑓𝑓3
 𝜕𝜕𝑑𝑑

= 𝜃𝜃𝑟𝑟 − 𝑐𝑐 . 

By assuming 𝑠𝑠 = 𝑟𝑟
𝐾𝐾

, 𝑡𝑡 = 𝛼𝛼𝛼𝛼
𝜎𝜎𝜗𝜗𝑑𝑑𝛼𝛼+𝜎𝜎𝑑𝑑+𝜗𝜗𝛼𝛼+1

, 𝑢𝑢 = 𝛼𝛼𝑑𝑑𝛼𝛼(𝜎𝜎𝑑𝑑𝜗𝜗+𝜗𝜗)
(𝜎𝜎𝜗𝜗𝑑𝑑𝛼𝛼+𝜎𝜎𝑑𝑑+𝜗𝜗𝛼𝛼+1)2

, and 𝑣𝑣 = 𝛼𝛼𝑑𝑑
𝜎𝜎𝜗𝜗𝑑𝑑𝛼𝛼+𝜎𝜎𝑑𝑑+𝜗𝜗𝛼𝛼+1

, then the Jacobian matrix can be 
written as 

𝑱𝑱 = �
𝑟𝑟 − 2𝑠𝑠𝑟𝑟 − 𝑡𝑡 + 𝑢𝑢 − 𝛽𝛽𝑐𝑐 −𝑣𝑣 + 𝑢𝑢 −𝛽𝛽𝑟𝑟

𝑡𝑡 − 𝑢𝑢 −𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢 0
𝜃𝜃𝑐𝑐 𝑑𝑑 𝜃𝜃𝑟𝑟 − 𝑐𝑐

� 

Next, the characteristic equation of the Jacobian matrix will be determined by the equation 𝑓𝑓(𝜆𝜆) = 𝜆𝜆3 + 𝑎𝑎2𝜆𝜆2 + 𝑎𝑎1𝜆𝜆 +
𝑎𝑎0, as described in the following matrix 

𝜆𝜆 𝑰𝑰 − 𝑱𝑱 = �
𝜆𝜆 − 𝑟𝑟 − 2𝑠𝑠𝑟𝑟 − 𝑡𝑡 + 𝑢𝑢 − 𝛽𝛽𝑐𝑐 −𝑣𝑣 + 𝑢𝑢 −𝛽𝛽𝑟𝑟

𝑡𝑡 − 𝑢𝑢 𝜆𝜆 + 𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢 0
𝜃𝜃𝑐𝑐 𝑑𝑑 𝜆𝜆 − 𝜃𝜃𝑟𝑟 − 𝑐𝑐

� . 

The determinant of matrix (𝜆𝜆 𝑰𝑰 − 𝑱𝑱) = 𝟎𝟎 , det(𝜆𝜆 𝑰𝑰 − 𝑱𝑱) = [(𝜆𝜆 − 𝑟𝑟 − 2𝑠𝑠𝑟𝑟 − 𝑡𝑡 + 𝑢𝑢 − 𝛽𝛽𝑐𝑐)(𝜆𝜆 + 𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢)(𝜆𝜆 −
𝜃𝜃𝑟𝑟 − 𝑐𝑐) + (−𝛽𝛽𝑟𝑟)(𝑡𝑡 − 𝑢𝑢)(𝑑𝑑)] − [(𝜃𝜃𝑐𝑐)(𝜆𝜆 + 𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢)(−𝛽𝛽𝑟𝑟) + (𝜆𝜆 − 𝜃𝜃𝑟𝑟 − 𝑐𝑐)(𝑡𝑡 − 𝑢𝑢)(−𝑣𝑣 + 𝑢𝑢)]. 

Thus, the characteristic equation is obtained as follows 
𝜆𝜆3 + 𝛽𝛽𝑐𝑐𝜆𝜆2 + 2𝑠𝑠𝑟𝑟𝜆𝜆2 − 𝜃𝜃𝑟𝑟𝜆𝜆2 + 𝑏𝑏𝜆𝜆2 + 𝑐𝑐𝜆𝜆2 + 𝑑𝑑𝜆𝜆2 − 𝑟𝑟𝜆𝜆2 + 𝑡𝑡𝜆𝜆2 − 𝑣𝑣𝜆𝜆2 − 2𝑠𝑠𝜃𝜃𝑟𝑟2𝜆𝜆 + 𝑏𝑏𝛽𝛽𝑐𝑐𝜆𝜆 +2𝑏𝑏𝑠𝑠𝑟𝑟𝜆𝜆 − 𝑏𝑏𝜃𝜃𝑟𝑟𝜆𝜆 + 𝛽𝛽𝑐𝑐𝑐𝑐𝜆𝜆 +
𝛽𝛽𝑑𝑑𝑐𝑐𝜆𝜆 + 𝛽𝛽𝑢𝑢𝑐𝑐𝜆𝜆 − 𝛽𝛽𝑣𝑣𝑐𝑐𝜆𝜆 + 2𝑐𝑐𝑠𝑠𝑟𝑟𝜆𝜆 + 2𝑑𝑑𝑠𝑠𝑟𝑟𝜆𝜆 − 𝑑𝑑𝜃𝜃𝑟𝑟𝜆𝜆 + 𝑟𝑟𝜃𝜃𝑟𝑟𝜆𝜆 + 2𝑠𝑠𝑢𝑢𝑟𝑟𝜆𝜆 − 2𝑠𝑠𝑣𝑣𝑟𝑟𝜆𝜆 − 𝑡𝑡𝜃𝜃𝑟𝑟𝜆𝜆 + 𝜃𝜃𝑣𝑣𝑟𝑟𝜆𝜆 + 𝑏𝑏𝑐𝑐𝜆𝜆 − 𝑏𝑏𝑟𝑟𝜆𝜆 + 𝑏𝑏𝑡𝑡𝜆𝜆 −
𝑏𝑏𝑢𝑢𝜆𝜆 + 𝑐𝑐𝑑𝑑𝜆𝜆 − 𝑐𝑐𝑟𝑟𝜆𝜆 + 𝑐𝑐𝑡𝑡𝜆𝜆 − 𝑐𝑐𝑣𝑣𝜆𝜆 − 𝑑𝑑𝑟𝑟𝜆𝜆 + 𝑑𝑑𝑡𝑡𝜆𝜆 − 𝑑𝑑𝑢𝑢𝜆𝜆 − 𝑟𝑟𝑢𝑢𝜆𝜆 + 𝑟𝑟𝑣𝑣𝜆𝜆 − 2𝑏𝑏𝑠𝑠𝜃𝜃𝑟𝑟2 − 2𝑑𝑑𝑠𝑠𝜃𝜃𝑟𝑟2 − 2𝑠𝑠𝑢𝑢𝜃𝜃𝑟𝑟2 + 2𝑠𝑠𝑣𝑣𝜃𝜃𝑟𝑟2 +
𝑏𝑏𝛽𝛽𝑐𝑐𝑐𝑐 + 2𝑏𝑏𝑐𝑐𝑠𝑠𝑟𝑟 + 𝑏𝑏𝑟𝑟𝜃𝜃𝑟𝑟 − 𝑏𝑏𝑡𝑡𝜃𝜃𝑟𝑟 + 𝑏𝑏𝑢𝑢𝜃𝜃𝑟𝑟 + 𝛽𝛽𝑐𝑐𝑑𝑑𝑐𝑐 + 𝛽𝛽𝑐𝑐𝑢𝑢𝑐𝑐 − 𝛽𝛽𝑐𝑐𝑣𝑣𝑐𝑐 + 𝛽𝛽𝑑𝑑𝑡𝑡𝑟𝑟 − 𝛽𝛽𝑑𝑑𝑢𝑢𝑟𝑟 + 2𝑐𝑐𝑑𝑑𝑠𝑠𝑟𝑟 + 2𝑐𝑐𝑠𝑠𝑢𝑢𝑟𝑟 − 2𝑐𝑐𝑠𝑠𝑣𝑣𝑟𝑟 +
𝑑𝑑𝑟𝑟𝜃𝜃𝑟𝑟 − 𝑑𝑑𝑡𝑡𝜃𝜃𝑟𝑟 + 𝑑𝑑𝑢𝑢𝜃𝜃𝑟𝑟 + 𝑟𝑟𝜃𝜃𝑢𝑢𝑟𝑟 − 𝑟𝑟𝜃𝜃𝑣𝑣𝑟𝑟 − 𝑏𝑏𝑐𝑐 + 𝑏𝑏𝑐𝑐𝑡𝑡 − 𝑏𝑏𝑐𝑐𝑢𝑢 − 𝑐𝑐𝑑𝑑𝑟𝑟 + 𝑐𝑐𝑑𝑑𝑡𝑡 − 𝑐𝑐𝑑𝑑𝑢𝑢 − 𝑐𝑐𝑟𝑟𝑢𝑢 + 𝑐𝑐𝑟𝑟𝑣𝑣 = 0. 
The characteristic equation can be written in the form of the equation 𝑓𝑓(𝜆𝜆) = 𝜆𝜆3 + 𝑎𝑎2𝜆𝜆2 + 𝑎𝑎1𝜆𝜆 + 𝑎𝑎0, with 
𝑎𝑎2 = 𝛽𝛽𝑐𝑐 + 2𝑠𝑠𝑟𝑟 − 𝜃𝜃𝑟𝑟 + 𝑏𝑏 + 𝑐𝑐 + 𝑑𝑑 − 𝑟𝑟 + 𝑡𝑡 − 𝑣𝑣, 
𝑎𝑎1 = −2𝑠𝑠𝜃𝜃𝑟𝑟2 + 𝑏𝑏𝛽𝛽𝑐𝑐 + 2𝑏𝑏𝑠𝑠𝑟𝑟 − 𝑏𝑏𝜃𝜃𝑟𝑟 + 𝛽𝛽𝑐𝑐𝑐𝑐 + 𝛽𝛽𝑑𝑑𝑐𝑐 + 𝛽𝛽𝑢𝑢𝑐𝑐 − 𝛽𝛽𝑣𝑣𝑐𝑐 + 2𝑐𝑐𝑠𝑠𝑟𝑟 + 2𝑑𝑑𝑠𝑠𝑟𝑟 − 𝑑𝑑𝜃𝜃𝑟𝑟 + 𝑟𝑟𝜃𝜃𝑟𝑟 + 2𝑠𝑠𝑢𝑢𝑟𝑟 − 2𝑠𝑠𝑣𝑣𝑟𝑟 −

𝑡𝑡𝜃𝜃𝑟𝑟 + 𝜃𝜃𝑣𝑣𝑟𝑟 + 𝑏𝑏𝑐𝑐 − 𝑏𝑏𝑟𝑟 + 𝑏𝑏𝑡𝑡 − 𝑏𝑏𝑢𝑢 + 𝑐𝑐𝑑𝑑 − 𝑐𝑐𝑟𝑟 + 𝑐𝑐𝑡𝑡 − 𝑐𝑐𝑣𝑣 − 𝑑𝑑𝑟𝑟 + 𝑑𝑑𝑡𝑡 − 𝑑𝑑𝑢𝑢 − 𝑟𝑟𝑢𝑢 + 𝑟𝑟𝑣𝑣,  
𝑎𝑎0 = −2𝑏𝑏𝑠𝑠𝜃𝜃𝑟𝑟2 − 2𝑑𝑑𝑠𝑠𝜃𝜃𝑟𝑟2 − 2𝑠𝑠𝑢𝑢𝜃𝜃𝑟𝑟2 + 2𝑠𝑠𝑣𝑣𝜃𝜃𝑟𝑟2 + 𝑏𝑏𝛽𝛽𝑐𝑐𝑐𝑐 + 2𝑏𝑏𝑐𝑐𝑠𝑠𝑟𝑟 + 𝑏𝑏𝑟𝑟𝜃𝜃𝑟𝑟 − 𝑏𝑏𝑡𝑡𝜃𝜃𝑟𝑟 + 𝑏𝑏𝑢𝑢𝜃𝜃𝑟𝑟 + 𝛽𝛽𝑐𝑐𝑑𝑑𝑐𝑐 + 𝛽𝛽𝑐𝑐𝑢𝑢𝑐𝑐 −

𝛽𝛽𝑐𝑐𝑣𝑣𝑐𝑐 + 𝛽𝛽𝑑𝑑𝑡𝑡𝑟𝑟 − 𝛽𝛽𝑑𝑑𝑢𝑢𝑟𝑟 + 2𝑐𝑐𝑑𝑑𝑠𝑠𝑟𝑟 + 2𝑐𝑐𝑠𝑠𝑢𝑢𝑟𝑟 − 2𝑐𝑐𝑠𝑠𝑣𝑣𝑟𝑟 + 𝑑𝑑𝑟𝑟𝜃𝜃𝑟𝑟 − 𝑑𝑑𝑡𝑡𝜃𝜃𝑟𝑟 + 𝑑𝑑𝑢𝑢𝜃𝜃𝑟𝑟 + 𝑟𝑟𝜃𝜃𝑢𝑢𝑟𝑟 − 𝑟𝑟𝜃𝜃𝑣𝑣𝑟𝑟 − 𝑏𝑏𝑐𝑐 + 𝑏𝑏𝑐𝑐𝑡𝑡 −
𝑏𝑏𝑐𝑐𝑢𝑢 − 𝑐𝑐𝑑𝑑𝑟𝑟 + 𝑐𝑐𝑑𝑑𝑡𝑡 − 𝑐𝑐𝑑𝑑𝑢𝑢 − 𝑐𝑐𝑟𝑟𝑢𝑢 + 𝑐𝑐𝑟𝑟𝑣𝑣.  

The equilibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) becomes locally asymptotically stable when the requirements of Routh-
Hurwitz stability criteria, namely 𝒂𝒂𝟎𝟎 > 𝟎𝟎, 𝒂𝒂𝟐𝟐 > 𝟎𝟎, and 𝒂𝒂𝟐𝟐𝒂𝒂𝟏𝟏 − 𝒂𝒂𝟎𝟎 > 𝟎𝟎 are satisfied. This means that if given a 
disturbance with the initial value populations, then the solution curve of the model will tend towards non-negative 
equilibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) as time goes on. These criteria will be demonstrated in the next numerical simulation. 
 
3.4 Global Stability 

To analyze the global stability of the equilibrium points in equation (4) that meet the local stability used the 
Lyapunov method with constructed the Lyapunov function. 

Definition (Luenberger, 1979) 

Given function 𝑉𝑉:𝐷𝐷 ⊂ ℝ𝑛𝑛 ⟶ ℝ and �̅�𝑟 ∈ 𝐷𝐷 is the equilibrium point of a non-linear system of differential equations. 
Function 𝑉𝑉 (𝒙𝒙) is called a Lyapunov function if it satisfies all three statements, namely 

- Function 𝑉𝑉 (𝒙𝒙) is continuous and has a continuous first partial derivative at 𝐷𝐷 or 𝑽𝑽(𝒙𝒙) ∈ 𝑪𝑪′(𝑫𝑫),  
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- Function 𝑉𝑉 (𝒙𝒙) > 0 for 𝒙𝒙 ∈ 𝐷𝐷,  
- Function �̇�𝑉(𝒙𝒙) ≤ 0 for 𝒙𝒙 ∈ 𝐷𝐷. 

From the three terms of the definition, if �̇�𝑉(𝒙𝒙) ≤ 0 then the equilibrium point of system (2) is stable and if �̇�𝑉(𝒙𝒙) > 0 
then the equilibrium point of system (2) is asymptotically stable. If �̇�𝑉(𝒙𝒙) < 0 and (𝒙𝒙) radially infinite, i.e 

‖𝑟𝑟‖ ⟶ ∞ ⇒ 𝑉𝑉(𝑟𝑟) ⟶∞.                             (5) 

Then the equilibrium point of equation (2) is globally asymptotically stable. However, if the function (𝒙𝒙) does not 
satisfy equation (4) then the equilibrium point of equation (2) is locally asymptotically stable (Marquez, 2003). 

Theorem (Marquez, 2003) 
Given a non-linear system of differential equations 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝑓𝑓(𝑟𝑟)  and Jacobian matrix of the form 𝐽𝐽(𝑟𝑟) = �𝜕𝜕𝑓𝑓

𝜕𝜕𝑑𝑑
� . If 

matrix 𝑓𝑓(𝑟𝑟) = 𝐽𝐽(𝑟𝑟) + 𝐽𝐽𝑇𝑇(𝑟𝑟) is a negative definite matrix for each 𝒙𝒙 ∈ 𝐷𝐷 (𝟎𝟎 ∈ 𝐷𝐷), then the equilibrium point is locally 
asymptotically stable and the Lyapunov function for the system is 

𝑉𝑉(𝑟𝑟) = 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑓𝑓(𝑟𝑟) .              (6) 

In constructing the Lyapunov function, a Krasovskii method is needed which can fulfill all the requirements in 
forming the function. The Krasovskii method is a method invented by a Russian mathematician named Nikolay 
Krasovsky to create a method that can be used to construct Lyapunov functions through the presence of a positive 
definite Hermitian matrix. In order to determine the global stability analysis, the matrix J is transposed to obtain  

𝑱𝑱𝑻𝑻 = �
𝑟𝑟 − 2𝑠𝑠𝑟𝑟 − 𝑡𝑡 + 𝑢𝑢 − 𝛽𝛽𝑐𝑐 𝑡𝑡 − 𝑢𝑢 𝜃𝜃𝑐𝑐

−𝑣𝑣 + 𝑢𝑢 −𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢 𝑑𝑑
−𝛽𝛽𝑟𝑟 0 𝜃𝜃𝑟𝑟 − 𝑐𝑐

� . 

In the Krasovsky method, the Lyapunov function 𝑉𝑉(𝑟𝑟) is constructed by forming 𝑉𝑉(𝑟𝑟) = 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃𝑓𝑓(𝑟𝑟), where 
𝑃𝑃 is a Hermitian matrix which is positive definite (significant symmetry) and 𝑓𝑓(𝑟𝑟) is a function of equation (2), that 
is 

𝒇𝒇 =

⎝

⎜
⎛
𝑟𝑟𝑟𝑟 − 𝑟𝑟𝑑𝑑2

𝐾𝐾
− 𝛼𝛼𝛼𝛼𝑑𝑑

1+𝜎𝜎𝑑𝑑+𝜗𝜗𝛼𝛼+𝜎𝜎𝜗𝜗𝑑𝑑𝛼𝛼
− 𝛽𝛽𝑐𝑐𝑟𝑟

𝛿𝛿𝛼𝛼𝛼𝛼𝑑𝑑
1+𝜎𝜎𝑑𝑑+𝜗𝜗𝛼𝛼+𝜎𝜎𝜗𝜗𝑑𝑑𝛼𝛼

− 𝑏𝑏𝑦𝑦 − 𝑑𝑑𝑦𝑦
𝜃𝜃𝑐𝑐𝑟𝑟 − 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑦𝑦 ⎠

⎟
⎞

. 

Given any Hermitian matrix P, i.e 

𝑃𝑃 = �
𝑝𝑝11 𝑝𝑝12 𝑝𝑝13
𝑝𝑝21 𝑝𝑝22 𝑝𝑝23
𝑝𝑝31 𝑝𝑝32 𝑝𝑝33

�. 

This matrix is a form of a real Hermitian matrix, because the elements are 𝑝𝑝11, … ,𝑝𝑝33 ∈ ℝ and 𝑝𝑝𝑖𝑖𝑖𝑖 = 𝑝𝑝𝑖𝑖𝑖𝑖 with i, j = 1, 
2, 3 and i ≠ j. Next, consider the function 𝑉𝑉(𝒙𝒙) which is differentiated with respect to 𝑡𝑡, so that 

𝑉𝑉(𝑟𝑟) = 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃𝑓𝑓(𝑟𝑟)  

�̇�𝑉(x) = �̇�𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃𝑓𝑓(𝑟𝑟) + 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃�̇�𝑓(𝑟𝑟)  

�̇�𝑉(x) = �𝜕𝜕𝑓𝑓
𝜕𝜕𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑇𝑇
𝑃𝑃𝑓𝑓(𝑟𝑟) + 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃 �𝜕𝜕𝑓𝑓

𝜕𝜕𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�  

�̇�𝑉(x) = �𝜕𝜕𝑓𝑓
𝜕𝜕𝑑𝑑
�
𝑇𝑇
�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑇𝑇
𝑃𝑃𝑓𝑓 + 𝑓𝑓𝑇𝑇𝑃𝑃 �𝜕𝜕𝑓𝑓

𝜕𝜕𝑑𝑑
� �𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
�  

�̇�𝑉(x) = 𝐽𝐽𝑇𝑇𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃𝑓𝑓(𝑟𝑟) + 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃𝐽𝐽𝑓𝑓(𝑟𝑟)  

�̇�𝑉(x) = 𝑓𝑓𝑇𝑇(𝑟𝑟)(𝐽𝐽𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐽𝐽)𝑓𝑓(𝑟𝑟),              (7)  

where 𝐽𝐽 = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑑𝑑

 is the Jacobian matrix. If matrix 𝐽𝐽𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐽𝐽 is negative semidefinite then �̇�𝑉(𝒙𝒙) in equation (7) is also 
negative semidefinite. The implication statement is used to fulfill the conditions of �̇�𝑉(𝒙𝒙) negative semidefinite. In 
order to fulfill the conditions of �̇�𝑉(𝒙𝒙) negative semidefinite and 𝑉𝑉(𝑟𝑟) positive definition is formed matrix P by using 
the equation,   
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        (𝐽𝐽𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐽𝐽) = −𝑄𝑄.               (8) 

The matrix Q in equation (8) is a positive definite Hermitian matrix. To facilitate the formation of the Hermitian matrix 
P, Krasovsky method uses an identity matrix I which has the same size as the matrix P. The identity matrix I also 
satisfies a positive definite Hermitian matrix. Based on equation (7) then the matrix can be written as 

�
𝑟𝑟 − 2𝑠𝑠𝑟𝑟 − 𝑡𝑡 + 𝑢𝑢 − 𝛽𝛽𝑐𝑐 𝑡𝑡 − 𝑢𝑢 𝜃𝜃𝑐𝑐

−𝑣𝑣 + 𝑢𝑢 −𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢 𝑑𝑑
−𝛽𝛽𝑟𝑟 0 𝜃𝜃𝑟𝑟 − 𝑐𝑐

��
𝑝𝑝11 𝑝𝑝12 𝑝𝑝13
𝑝𝑝21 𝑝𝑝22 𝑝𝑝23
𝑝𝑝31 𝑝𝑝32 𝑝𝑝33

� +

�
𝑝𝑝11 𝑝𝑝12 𝑝𝑝13
𝑝𝑝21 𝑝𝑝22 𝑝𝑝23
𝑝𝑝31 𝑝𝑝32 𝑝𝑝33

��
𝑟𝑟 − 2𝑠𝑠𝑟𝑟 − 𝑡𝑡 + 𝑢𝑢 − 𝛽𝛽𝑐𝑐 −𝑣𝑣 + 𝑢𝑢 −𝛽𝛽𝑟𝑟

𝑡𝑡 − 𝑢𝑢 −𝑏𝑏 − 𝑑𝑑 + 𝑣𝑣 − 𝑢𝑢 0
𝜃𝜃𝑐𝑐 𝑑𝑑 𝜃𝜃𝑟𝑟 − 𝑐𝑐

� = −�
1 0 0
0 1 0
0 0 1

�. 

Matrix 𝑃𝑃∗ is the solution of equation (7), that is 

𝑃𝑃∗ = �
𝑝𝑝11∗ 𝑝𝑝12∗ 𝑝𝑝13∗
𝑝𝑝21∗ 𝑝𝑝22∗ 𝑝𝑝23∗
𝑝𝑝31∗ 𝑝𝑝32∗ 𝑝𝑝33∗

�. 

If matrix 𝑃𝑃∗ is positive definite then the Lyapunov function is obtained by substituting the Hermitian matrix 𝑃𝑃∗ in 
equation 𝑉𝑉(𝑟𝑟) = 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃∗𝑓𝑓(𝑟𝑟). However, if there is no positive definite then recheck the matrix value P to get the 
matrix 𝑃𝑃∗ positive definite. Because matrix 𝑃𝑃∗ positive definite, then check whether the equilibrium point evaluated 
at the equation 𝑉𝑉(𝑟𝑟) fulfills equation (5). 
 
3.5 Numerical Simulation 

In order to determine the global stability of the prey-predator population dynamics, a numerical simulation was 
carried out by considering the parameter values in Table 2 below.  

 
Table 2. Variables and Parameter Values 

Variable/Parameters  Parameter Values Dimension 
K 120 Biomass 
𝒓𝒓 0.7 (Year)-1

 

𝜶𝜶 0.51 (Immature predator)-1 (year)-1 
𝜷𝜷 0.255 (Mature predator)-1 (year)-1 
𝝈𝝈 0.08 (Day)-1 

  𝝑𝝑 0.05 (Immature predator)-1 (Day)-1 
𝜹𝜹 0.1 (Prey)-1 (year)-1 
𝒅𝒅 0.4 (Mature predator)-1 (Year)-1 
𝜽𝜽 0.255 (Prey)-1 (year)-1 
b 0.3 (immature predator)-1 (year)-1 
c 0.4 (mature predator)-1 (year)-1 

 
With these parameter values, four non-negative equilibrium points are obtained, namely 𝑇𝑇𝑇𝑇1 = (0, 0, 0) , 

𝑇𝑇𝑇𝑇2 = (120, 0, 0), 𝑇𝑇𝑇𝑇3 = (1.56862, 0, 2.70921), and 𝑇𝑇𝑇𝑇4 = (1.54525, 0.03933, 2.63987). The eigenvalues 
associates with the equilibrium point are obtained using Jacobian matrix  

𝐽𝐽 = �
𝑎𝑎11 𝑎𝑎12 𝑎𝑎13
𝑎𝑎21 𝑎𝑎22 𝑎𝑎23
𝑎𝑎31 𝑎𝑎32 𝑎𝑎33

� , 

where 

𝑎𝑎11 = 0.7 − 0.1167𝑟𝑟 −
0.51𝑦𝑦

0.004𝑟𝑟𝑦𝑦 + 0.08𝑟𝑟 + 0.05𝑦𝑦 + 1
+

0.51𝑟𝑟𝑦𝑦(0.004𝑦𝑦 + 0.08)
(0.012𝑟𝑟𝑦𝑦 + 0.01𝑟𝑟 + 1.2𝑦𝑦 + 1)2 − 0.25𝑐𝑐; 

𝑎𝑎12 = − 0.51𝛼𝛼
0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1

+ 0.51𝑑𝑑𝛼𝛼(0.004𝛼𝛼+0.08)
(0.012𝑑𝑑𝛼𝛼+0.01𝑑𝑑+1.2𝛼𝛼+1)2

;  𝑎𝑎13 = −0.255𝑟𝑟;  

𝑎𝑎21 =
0.51𝑦𝑦

0.004𝑟𝑟𝑦𝑦 + 0.08𝑟𝑟 + 0.05𝑦𝑦 + 1
−

0.51𝑟𝑟𝑦𝑦(0.004𝑦𝑦 + 0.08)
(0.012𝑟𝑟𝑦𝑦 + 0.01𝑟𝑟 + 1.2𝑦𝑦 + 1)2 ;  𝑎𝑎23 = 0; 

𝑎𝑎22 = −0.7 +
0.51𝑦𝑦

0.004𝑟𝑟𝑦𝑦 + 0.08𝑟𝑟 + 0.05𝑦𝑦 + 1
−

0.51𝑟𝑟𝑦𝑦(0.004𝑦𝑦 + 0.08)
(0.012𝑟𝑟𝑦𝑦 + 0.01𝑟𝑟 + 1.2𝑦𝑦 + 1)2 ;  

𝑎𝑎31 = 0.255𝑐𝑐;𝑎𝑎32 = 0.4;  𝑎𝑎33 = −0.4 + 0.255𝑟𝑟. 

720



Proceedings of the International Conference on Industrial Engineering and Operations Management 
Harbin, China, July 9-11, 2021 

© IEOM Society International 

By substituting the value of the equilibrium point 𝑇𝑇𝑇𝑇4 = (1.54525, 0.03933, 2.63987) in Jacobian matrix J, 
we get 

𝐽𝐽 = �
−0.0007261688 −0.697190909 −0.39270
0.01210950212 −0.002840909136 0

0.67065 0.4 −0.00730
� . 

From the Jacobian matrix, we have the characteristics 𝑓𝑓(𝜆𝜆) = 𝜆𝜆3 + 0.01086707794𝜆𝜆2 + 0.2718346071𝜆𝜆 +
0.002711997993 with three eigenvalues  𝜆𝜆1 = −0.00044505 + 0.52136889 I,  𝜆𝜆2 = −0.00044505 −
0.52136889 I,  and 𝜆𝜆3 = −0.00997697321078181. From the three eigenvalues we conclude that the equilibrium 
point 𝑇𝑇𝑇𝑇4 = (1.54525, 0.03933, 2.63987)  is locally asymptotically stable and also satisfies the Routh-Hurwitz 
stability criteria with the following conditions 𝑎𝑎0 > 0, 𝑎𝑎2 > 0, and 𝑎𝑎2𝑎𝑎1 − 𝑎𝑎0 > 0, where 𝑎𝑎2 = 0.01086707794,
𝑎𝑎1 = 0.2718346071, and 𝑎𝑎0 = 0.002711997993. 

Now we will analyze whether the equilibrium point is globally asymptotically stable. The analysis uses the 
Lyapunov method, namely by constructing the Lyapunov function. The global stability of equilibrium point via 
Lyapunov function will be constructed using the Krasovskii method. The construction of the Lyapunov function that 
will be produced by taking the form 

𝑉𝑉(𝑟𝑟) = 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃∗𝑓𝑓(𝑟𝑟), 
where  

𝑓𝑓(𝑟𝑟) =

⎝

⎛
0.7 − 0.005833𝑟𝑟 − 0.51𝛼𝛼

0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1
− 0.255𝑐𝑐

−0.7𝑦𝑦 + 0.51𝛼𝛼
0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1

−0.4𝑐𝑐 + 0.255𝑐𝑐𝑟𝑟 + 0.4𝑦𝑦 ⎠

⎞. 

and  

𝑓𝑓𝑇𝑇(𝑟𝑟) = ��0.7 − 0.005833𝑟𝑟 − 0.51𝛼𝛼
0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1

− 0.255𝑐𝑐� �−0.7𝑦𝑦 + 0.51𝛼𝛼
0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1

� (−0.4𝑐𝑐 +

0.255𝑐𝑐𝑟𝑟 + 0.4𝑦𝑦)�. 

In order to fulfill 𝑉𝑉∗(𝑟𝑟) to be negative semi definite and 𝑉𝑉(𝑟𝑟) to be positive definite, take matrix 𝑃𝑃∗ by using equation 
(7). The transpose form of the Jacobian matrix is  

𝐽𝐽𝑇𝑇 = �
−0.0007261688 0.01210950212 0.67065
−0.697190909 −0.002840909136 0.4
−0.39270 0 −0.00730

� . 

Because of 𝐽𝐽 and 𝐽𝐽𝑇𝑇 have been obtained, then equation (7) can be worked out to get all the elements of the matrix 𝑃𝑃∗ 
which is as follows 

�
−0.0007261688 0.01210950212 0.67065
−0.697190909 −0.002840909136 0.4
−0.39270 0 −0.00730

��
𝑝𝑝11 𝑝𝑝12 𝑝𝑝13
𝑝𝑝21 𝑝𝑝22 𝑝𝑝23
𝑝𝑝31 𝑝𝑝32 𝑝𝑝33

� +

�
𝑝𝑝11 𝑝𝑝12 𝑝𝑝13
𝑝𝑝21 𝑝𝑝22 𝑝𝑝23
𝑝𝑝31 𝑝𝑝32 𝑝𝑝33

��
−0.0007261688 −0.697190909 −0.39270
0.01210950212 −0.002840909136 0

0.67065 0.4 −0.00730
� = −�

1 0 0
0 1 0
0 0 1

�. 

From which we have 

�
𝑞𝑞11 𝑞𝑞12 𝑞𝑞13
𝑞𝑞21 𝑞𝑞22 𝑞𝑞23
𝑞𝑞31 𝑞𝑞32 𝑞𝑞33

� = −�
1 0 0
0 1 0
0 0 1

� , 

where 
𝑞𝑞11 = -0.0014523376𝑝𝑝11+0.01210950212𝑝𝑝21+0.67065 𝑝𝑝31+0.01210950212 𝑝𝑝12+0.67065 𝑝𝑝13, 

𝑞𝑞12 =-0.003567077936 𝑝𝑝12+0.01210950212 𝑝𝑝22+0.67065 𝑝𝑝32-0.6971590909 𝑝𝑝11+0.4 𝑝𝑝13, 

𝑞𝑞13 =-0.0080261688 𝑝𝑝13+0.01210950212 𝑝𝑝23+0.67065 𝑝𝑝33-0.39270 𝑝𝑝11, 

𝑞𝑞21 =-0.6971590909 𝑝𝑝11-0.003567077936 𝑝𝑝21+0.4 𝑝𝑝31+0.01210950212 𝑝𝑝22+0.67065 𝑝𝑝23, 

𝑞𝑞22 =-0.6971590909 𝑝𝑝12-0.005681818272 𝑝𝑝22+0.4 𝑝𝑝32-0.6971590909 𝑝𝑝21+0.4 𝑝𝑝23, 

𝑞𝑞23 =-0.6971590909 𝑝𝑝13-0.01014090914 𝑝𝑝23+0.4 𝑝𝑝33-0.39270 𝑝𝑝21, 
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𝑞𝑞31 =-0.39270 𝑝𝑝11-0.0080261688 𝑝𝑝31+0.01210950212 𝑝𝑝32+0.67065 𝑝𝑝33, 

𝑞𝑞32 =-0.39270 𝑝𝑝12-0.01014090914 𝑝𝑝32-0.6971590909 𝑝𝑝31+0.4 𝑝𝑝33, 

𝑞𝑞33 =-0.39270 𝑝𝑝13-0.01460 𝑝𝑝33-0.39270𝑝𝑝31. 

To determine the elements of the matrix 𝑃𝑃∗ , Cramer's method is used to solve a system of linear equations by 
converting it into a matrix form. The Cramer method uses the determinant of a matrix and another matrix obtained by 
replacing one of the columns with a vector consisting of the numbers to the right of the equation, namely the elements 
of the Hermitian matrix. The form of a matrix of order 9x9 as shown below, 

�
−0.00145 0.01210
−0.69715 −0.0035

…        0
…        0

⋮                ⋮
0                 0

⋱     ⋮
… −0.0146

��

𝑝𝑝11
𝑝𝑝12
⋮
𝑝𝑝33

� = �
−1
0
⋮
−1

� 

Thus, based on Cramer's method, the elements of the matrix 𝑃𝑃∗,  

𝑃𝑃∗ = �
𝑝𝑝11∗ 𝑝𝑝12∗ 𝑝𝑝13∗
𝑝𝑝21∗ 𝑝𝑝22∗ 𝑝𝑝23∗
𝑝𝑝31∗ 𝑝𝑝32∗ 𝑝𝑝33∗

� = �
1491.420937 848.6093281 −14.45353822
848.6093281 3407.097322 1501.987498
−14.45353822 1501.987498 846.0101797

� . 

Next, matrix 𝑃𝑃∗  is determined whether is negative definite or not by taking into account the eigenvalues. The 
eigenvalues obtained are   𝜆𝜆1 = 48.1213350185760 , 𝜆𝜆2 = 1386.32710869567 , and 𝜆𝜆3 = 4310.07999498577 . 
Since all the eigenvalues are positive, then the matrix 𝑃𝑃∗ is positive definite, so the Lyapunov function is obtained as 
follows, 

𝑉𝑉(𝑟𝑟) = 𝑓𝑓𝑇𝑇(𝑟𝑟)𝑃𝑃∗𝑓𝑓(𝑟𝑟). 
This can be written as 
𝑉𝑉(𝑟𝑟) = �1043.9946𝑟𝑟 − 8.6999𝑟𝑟2 − 327.8339𝛼𝛼𝑑𝑑

0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1
− 383.9979𝑐𝑐𝑟𝑟 − 599.809𝑦𝑦 + 5.7814𝑐𝑐�  

�0.7𝑟𝑟 − 0.0058𝑟𝑟2 − 0.51𝛼𝛼𝑑𝑑
0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1

− 0.255𝑐𝑐𝑟𝑟� +  (594.0265𝑟𝑟 − 4.9502𝑟𝑟2 − 
1304.8288𝛼𝛼𝑑𝑑

0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1
  −166.6114𝑐𝑐𝑟𝑟  −1784.1731𝑦𝑦  −600.7949𝑐𝑐 )( −0.7𝑟𝑟 + 0.51𝛼𝛼𝑑𝑑

0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1
) 

+(−10.1174𝑟𝑟 + 0.0843𝑟𝑟2 − 773.3849𝛼𝛼𝑑𝑑
0.004𝑑𝑑𝛼𝛼+0.08𝑑𝑑+0.05𝛼𝛼+1

+ 219.4182𝑐𝑐𝑟𝑟 − 712.9871𝑦𝑦 −
338.4040)(0.255𝑐𝑐𝑟𝑟 + 0.4𝑦𝑦 − 0.4𝑐𝑐). 

By substituting the value of the equilibrium point 𝑇𝑇𝑇𝑇4 = (1.54525, 0.03933, 2.63987) then we get the value 𝑉𝑉(𝑟𝑟) =
 0.2081225355. Since the value of the equation 𝑉𝑉(𝑟𝑟) > 0 then it can be concluded that the equilibrium point 𝑇𝑇𝑇𝑇4 
globally asymptotically stable. If the prey population, immature predator, and mature predator were initially around 
the interior equilibrium point, then the three populations will tend toward the equilibrium point 𝑇𝑇𝑇𝑇4 =
(1.54525, 0.03933, 2.63987). This means that the three populations will not be extinct for a long period of time.  
 
4. Conclusion 

The prey-predator model with Crowly-Martin type functional response and stages structure for predator 
population has only one non-negative equilibrium point 𝑻𝑻𝑬𝑬𝟒𝟒(𝒙𝒙,𝒚𝒚, 𝒛𝒛) = �𝝎𝝎, 𝒃𝒃𝝈𝝈𝝎𝝎+𝒅𝒅𝝈𝝈𝝎𝝎−𝜶𝜶𝝎𝝎+𝒃𝒃+𝒅𝒅

(𝒃𝒃+𝒅𝒅)(𝝈𝝈𝝎𝝎+𝟏𝟏)𝝑𝝑
, 𝒅𝒅(𝒃𝒃𝝈𝝈𝝎𝝎+𝒅𝒅𝝈𝝈−𝜶𝜶𝝎𝝎+𝒃𝒃+𝒅𝒅)
𝝑𝝑(𝝈𝝈𝝎𝝎+𝟏𝟏)(𝜽𝜽𝝎𝝎−𝒄𝒄)(𝒃𝒃+𝒅𝒅)

�. 
This equilibrium point becomes the only interior equilibrium point and it is locally and globally asymptotically stable 
when a certain conditions are fulfilled. This means that even if there is a tight interaction or predation on prey over a 
long period of time, the prey population will still be sustainable, stable, and sustainably maintained. This global 
stability provides an interpretation that the populations in the ecosystem is under control for a long period of time. As 
suggestions for further research, the model can be developed by considering some assumptions or consider the time 
delay and harvesting in the mechanism of growth of each prey and predator population. 
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