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Abstract

Differential equations have an important role to solve problems in various fields, for example engineering, physics,
biology, and economics. Fractional calculus is a generalization of classical calculus, which includes derivatives,
integrals, and differential equations of order not integers (fractional). This paper aims to solve fractional ordinary
differential equations using a combination of Adomian decomposition method and Elzaki integral transform. Based
on the two numerical examples presented in this paper, the results show that the Elzaki-Adomian decomposition
method is very effective, useful, and easy to use to solve linear and nonlinear fractional ordinary differential
equations.
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1. Introduction

Differential equations are mathematical equations that contain a function with one or more variables and connect the
function with its derivatives. Differential equations have an important role to solve problems in various fields, such
as engineering, physics, biology, and economics. Fractional calculus deals with derivatives and integrals with the
order not integers (fractional). Fractional calculus is a generalization of classical calculus. Today, the development
and research on fractional calculus are extended to the field of differential equations, so that ordinary and partial
differential equations can be ordered by fractional numbers (Podlubny, 1999; Kilbas et al., 2006; Lakshmikantham
& Vatsala, 2008; Rahimy, 2010; Dahmani & Tabharit, 2014; Mathai & Haubold, 2017).

Various methods continue to be developed to solve fractional differential equations to obtain both the approach and
the exact solution. For example, homotopy perturbation method (HPM), homotopy analysis method (HAM),
variational iteration method (VIM), differential transform method (DTM), and Adomian decomposition method
(ADM) (Ray & Bera, 2005; Abdulaziz et al., 2008; Hu et al., 2008; Hashim et al., 2009; Nazari & Shahmorad, 2010;
Duan et al., 2012; Wen et al., 2012; Mohammed & Khlaif, 2014; Singh & Kumar, 2017; Ahrabi & Momenzadeh,
2018; Javeed et al.,, 2019; Saratha et al., 2020). These iterative methods can also be combined with integral
transforms, such as the Laplace, Sumudu, and Elzaki transform. In this paper, we aim to combine the Adomian
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decomposition method with the Elzaki transform to solve fractional ordinary differential equations. Other research
on the application of the Elzaki-Adomian decomposition method can be seen in Elzaki & Alkhateeb (2015),
Mahgoub & Sedeeg (2016), Ige et al. (2019a), Ige et al. (2019b), Mohamed & Elzaki (2020), Varsoliwala & Singh
(2020).

2. Literature Review

This section presents the basic theories and concepts related to fractional calculus and Elzaki transform.

Definition 1. (Elzaki, 2011) Given a set of functions
1 .
A= {f(t): M, ki, ky, > 0,1f(8)| < Me"i, ¢t € (—1)) x [0, oo)},

Elzaki transform is defined as
3 _t
E[f®)]=Tw) = vf f(®)e vdt, t =2 0,k; <v <k,
0

Next, the inverse of Elzaki transform is denoted by E~1[T(v)] = f(t), t = 0. For a is a fractional number, valid
E[t*] = T(a + Dv*+2, (1)

Definition 2. (Podlubny, 1999) The Caputo fractional derivative of the function f with t in the order a, where a >
0, is defined as

EDEf(t) = F(n;—a)f(t — W fF™We)du,n—-1<a<n.

Definition 3. (Elzaki, 2011) The Elzaki transform of Caputo fractional derivative for a = 0 is defined as
n-1

E[CDgf(t)]=v—a— vk‘“+2f(k)(0),n—1<aSn.
k=0

3. Elzaki-Adomian Decomposition Method

This section presents the solution of fractional ordinary differential equations using the Elzaki-Adomian
decomposition method.

Given the fractional ordinary differential equation as follows

Dfty(t) = g(t) + Ny(t) + Ry(t), ()

and initial condition y(0) = ¢, where D = D is a Caputo fractional derivative operator with0 < a <1, N is a
nonlinear operator, R is a linear operator, g is a function that shows the homogeneity of the differential equation,
and y is a function of t to be determined. Using the Elzaki transform in equation (2), thus based on Definition 3, is

obtained

y() =v?y(0) + v*E[g(O)] + v*E[Ny(©)] + v*E[Ry(D)]. 3

Next, using the inverse of Elzaki transform in equation (3), is obtained
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y(®) = y(0) + EM v E[g(®]] + ET [v*ENy(@®)]] + ET* [v*E[Ry()]]. (4)

The Adomian decomposition method assumes that the y function can be broken down or decomposed into an
infinite series (Adomian, 1988; Al Awadah, 2016)

y(t)=Zyn(t)=y0 +y +y, + (5
n=0

where y, can be specified recursively. This method also assumes the nonlinear operator Ny can be decomposed into
an infinite polynomial series
Ny =>4, ©

where A, = A, (¥, V1, Y2, -, ¥n) is a defined Adomian polynomial,

,n=20,1,2,..

An( )= L4 N i/l"
n\Vor Y1, Y2, 2 Yn) = nldin L Yk

where A is a parameter. The Adomian polynomial 4,, can be described as follows

A=0

1d [ (< '
Ay = 0ldre N (Z AkYk) = N(o),
- k=0 J1=0
1d [ (< '
A=qiam |V (Z ﬂ"n) = 9N (o),
- k=0 J1=0
1 d2 : k 12 ylz 12
A, = EW N Z A%y = y,N'(%) +§N o),
- k=0 11=0

Substitute equations (5) and (6) to equation (4), obtained

+ E7Y|veE

RY yn(t)] . ™
n=0

2,4
n=0

If both sides of equation (7) are described, then successively is obtained

Z Ya() = y(0) + ETM [v*E[g(®)]] + E~* |v*E
n=0

yo = y(0) + ET*v*E[g()]],

y1 = ETYvE[Ao]] + ET[v*E[Ry,]],
2 = ETH[veE[A]] + ET [v*E[Ry1]],
ys = ETYv*E[A,]] + E7Y[v*E[Ry,]],

thus generally obtained the recursive relation of the fractional ordinary differential equation solution (2) using the
Elzaki-Adomian decomposition method as follows

Yo = y(0) + E1[vE[g ()], (®)
Yn+1 = E_I[UaE[An]] + E‘l[v“E[Ryn]],n =012,..
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4. Numerical Examples

This section presents two numerical examples of applying the Elzaki-Adomian decomposition method to solve
fractional ordinary differential equations.

Example 1. Given a linear fractional ordinary differential equation as follows
1
Dfy(t) = —Ey(t) +1,t>00<ac<l, )

with initial condition y(0) = 10.

Based on the recursive formula in equation (8), approach solutions of linear fractional ordinary differential equation
(9) using the Elzaki Adomian decomposition method is

Yo = 10 + E7Y[v*E[1]],

1 (10)
Ynr = =5 E veEly,]],n = 0,12, ..

If the recursive solution in equation (10) is described, then based on equation (1) and the inverse of Elzaki transform
is obtained

a

yo =10 + E7HvE[1]] = 10 + E71[v**?] = 10 +

M(a+1)’
Y= —lE‘l[v“E[y 1= I [10 P ] = —115—1[1017'“2 + 20+
L 2 0 2 Fa+1) 2
Sta tZa
" T+l 2rQa+1)’
5t¢x tZa

1 1 1 1
— __ 1], — __r1 — __fp-1|_ 2a+2 _ _ ,,3a+2
y2=—3E [vE[y,]] SE SE [ 5v SV

5t2a t3a
S Qatl) T A@a+ D)’

veE [—

Ta+1) 2IQa+1)

so we get the following approach solutions

4t* ZtZa t3a
- + + + o
Fa+1) TQRa+1) 4rBa+1)

y@&) =yotyi ty, +--=10 (1D

Figure 1 shows a graph of the approach solution of a linear fractional ordinary differential equation using the Elzaki-
Adomian decomposition method (11) with different & values.
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Figure 1. Graph of the solution of linear fractional ordinary differential equation using the Elzaki-Adomian
decomposition method.

Example 2. Given a nonlinear fractional ordinary differential equation as follows
DEy(t) =2y(t) —y?*(t)+ 1, t>00<a <1, (12)
with initial condition y(0) = 0.

Based on the recursive formula in equation (8), approach solutions of nonlinear fractional ordinary differential
equation (12) using the Elzaki Adomian decomposition method is

Yo = ETY[veE[1]], (13)
Vni1 = 2E7Hv®E[y,]] — E7Y[v*E[A4,]],n = 0,1,2, ...

If the recursive solution in equation (13) is described, then based on equation (1) and the inverse of Elzaki transform
is obtained

a

Vo = E—l[v(xE[l]] — E—l[v(x+2] —

M(a+1)’
yi = 267 [veElyo]] - E-[v*E[A,]] = 2~ [v*Elyp]] - B[ E[yE]]
U t% . 2@ o FQa+ 1)t3¢
=287 vtk [F(a n 1)] B [Fz(a n 1)] “TQa+1D e+ DrGBatD)’

y2 = 2B [v*E[y]] - 7 [v*E[A,]] = 2B [v*Ey]] - E [v*E[2yo11]]
2t2¢ FQa + 1)t3¢
Fr2a+1) TI?(a+1DrGa+1)

=2E7! v"‘E[

—E1

ey t® 2t%@ I'Qa + 1t3*
v [ (F(a n 1)) (F(Za +1) T2(a+ DIGa+ 1))]
4t3@ 2I2a + 1)t*e AT(Ba + 1)t*®

“TBa+1) TI2(a+ Dlla+1) T(@+ DIQ2a+ Dlda+1)
2IQa + DI'(4a + 1)t5®

MB(a+ DrGa+ DrGa+1)’
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so we get the following approach solutions

yy@®) =yo+yi ty, +-

ot N 2t%@ FQa + 1)t3¢ 4t3@ 2I'Q2a + 1)t**
"T(a+1) TRa+1) T2(a+1DIBa+1) T'Ba+1) TI2(a+ I'(4a+1) (14)
AT(Ba + 1)t*® 2I2a + DI (4a + 1)t5¢

"Ta+DFQRa+ Dl@a+1) e+ Dr@a+ DIGa+1)

Figure 2 shows a graph of the approach solution of a nonlinear fractional ordinary differential equation using the
Elzaki-Adomian decomposition method (14) with different « values.
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Figure 2. Graph of the solution of nonlinear fractional ordinary differential equation using the Elzaki-Adomian
decomposition method.

o=172 o= 34 o= 3/6 o=T/8

4. Conclusion

The Elzaki-Adomian decomposition method is a combination of the Adomian decomposition method and the Elzaki
integral transform. This method is very reliable and can solve ordinary or partial differential equations, linear or
nonlinear, and can be an integer or fractional order. The two numerical examples presented in this paper show that
the Elzaki-Adomian decomposition method is very effective, useful, and easy to use to solve linear and nonlinear
fractional ordinary differential equations.
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