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Abstract
In this article we show how to use 𝒗𝒗𝒆𝒆𝒆𝒆 type operators to validate models for symmetric stochastic matrices. 𝒗𝒗𝒗𝒗𝒗𝒗 -type
operators are operators that they also match vectors to matrices, that is, they allow to reorganize some elements of a
matrix into a column vector. The presented formulation allowed us to make inference about the series of study, because
the results presented in this work can be applied to the matrices of Hilbert-Schmidt products, that are very important
matrices in the first phase of the STATIS methodology. Thus, the operators allowed us to present results that allow
inference to be made for models for symmetric stochastic matrices. These models provided the basis for making
inference for isolated matrices and structured families of matrices. In particular, we consider the case in which the
matrices correspond to the treatments of base models. Thus, using the results presented, using 𝒗𝒗𝒗𝒗𝒗𝒗 type operators, it
is possible to adjust a model with degree s. If 𝜆𝜆𝑠𝑠 = 0, the model can be simplified. These results, as already mentioned,
can be applied to the matrices of Hilbert-Schmidt products (which are very important in the first phase of the STATIS
Methodology), and to cross-product matrices which have an important role in inference.
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1.

Introduction

We use vec type operators in studying models for symmetric stochastic matrices based on their spectral decomposition.
Namely we study k-degree models of the form
𝒌𝒌

�
� = � 𝝀𝝀𝒊𝒊 𝜶𝜶𝒊𝒊 𝜶𝜶𝒕𝒕𝒊𝒊 + 𝑬𝑬
𝑴𝑴 = 𝝁𝝁 + 𝑬𝑬
𝒊𝒊=𝟏𝟏
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� is a symmetric stochastic matrix with null mean.
for symmetric stochastic matrices 𝑴𝑴, with mean matrix 𝝁𝝁 , and 𝑬𝑬
The models are developed using the spectral analysis of the matrices μ .
� 𝑖𝑖 = 𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘 , which is an
The adjustment and validation of the model requires the usage of the vector 𝜷𝜷
estimator of the structure vector 𝜷𝜷𝑖𝑖 = 𝝀𝝀𝑖𝑖 𝜶𝜶𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘 of 𝑴𝑴 with 𝜆𝜆1 , … , 𝜆𝜆𝑘𝑘 the non-null eigenvalues and 𝜶𝜶1 , … , 𝜶𝜶𝑘𝑘
are the eigenvectors, of the matrix 𝑴𝑴.
We intend to introduce a new formulation for the stochastic models of symmetric matrices. In this new formulation,
we will use 𝒗𝒗𝒗𝒗𝒗𝒗 type operators to validate models for symmetric stochastic matrices. These operators, who play an
important part in the new formulation for these models also facilitate the presentation of these results.

2. Model
The models are developed using the spectral analysis of the matrices μ

1

� = ∑𝒌𝒌𝒊𝒊=𝟏𝟏 𝝀𝝀𝒊𝒊 𝜶𝜶𝒊𝒊 𝜶𝜶𝒕𝒕𝒊𝒊 + 𝑬𝑬
�,
𝑴𝑴 = 𝝁𝝁 + 𝑬𝑬

� = (𝑬𝑬 + 𝑬𝑬𝑡𝑡 ) with 𝒗𝒗𝒗𝒗𝒗𝒗(𝑬𝑬)~𝑁𝑁(𝟎𝟎, 𝜎𝜎 2 𝑰𝑰𝑛𝑛2 ), as we see in (Dias et al., 2013). The rank of the mean
where 𝑬𝑬
2
matrix will be the model’s degree. The 𝒗𝒗𝒗𝒗𝒗𝒗 type operators are operators are also vectors correspond to matrices.
Namely for a symmetric matrix 𝑪𝑪 = [𝑐𝑐𝑖𝑖𝑖𝑖 ] of order k, we have
𝑐𝑐11
⎡
⎤
⋮
⎢ 𝑐𝑐𝑝𝑝𝑝𝑝 ⎥
⎢
⎥
⋮
𝑠𝑠_ 𝒗𝒗𝒗𝒗𝒗𝒗(𝑪𝑪) = ⎢ 𝑐𝑐𝑘𝑘𝑘𝑘 ⎥
⎢
⎥
⎢ √2𝑐𝑐12 ⎥
⋮
⎢
⎥
⎣√2𝑐𝑐(𝑘𝑘−1)𝑘𝑘 ⎦

where

𝑐𝑐11
⎡ ⋮ ⎤
⎢ 𝑐𝑐𝑝𝑝𝑝𝑝 ⎥
⎢
⎥
𝑤𝑤_ 𝒗𝒗𝒗𝒗𝒗𝒗(𝑪𝑪; 𝑝𝑝) = ⎢
⎥
⎢ √2𝑐𝑐12 ⎥
⎢ ⋮ ⎥
⎣√2𝑐𝑐𝑝𝑝𝑝𝑝 ⎦

and

• 𝑠𝑠_ 𝒗𝒗𝒗𝒗𝒗𝒗(𝑪𝑪)is a vector with g components where 𝑔𝑔 =

𝑐𝑐(𝑝𝑝+1)(𝑝𝑝+1)
⎡
⎤
⋮
⎢
⎥
𝑎𝑎𝑘𝑘𝑘𝑘
⎢
⎥
⋮
𝑧𝑧_ 𝒗𝒗𝒗𝒗𝒗𝒗(𝑪𝑪; 𝑝𝑝) = ⎢
,
√2𝑐𝑐(𝑝𝑝+1)(𝑝𝑝+2) ⎥
⎢
⎥
⋮
⎢
⎥
⎣ √2𝑐𝑐(𝑘𝑘−1)𝑘𝑘 ⎦

𝑘𝑘(𝑘𝑘+1)
2

;

• 𝑤𝑤_ 𝒗𝒗𝒗𝒗𝒗𝒗(𝑪𝑪; 𝑝𝑝) is a vector with 𝑐𝑐𝑝𝑝 components where 𝑐𝑐𝑝𝑝 = 𝑔𝑔 − 𝑧𝑧𝑝𝑝 ;
• 𝑧𝑧_ 𝒗𝒗𝒗𝒗𝒗𝒗(𝑪𝑪; 𝑝𝑝) is a vector with 𝑧𝑧𝑝𝑝 components where 𝑧𝑧𝑝𝑝 =

(𝑘𝑘−𝑝𝑝)(𝑘𝑘−𝑝𝑝+1)
2

.

We have also

𝑐𝑐𝑗𝑗𝑗𝑗
⎡
⎤
⎢ 𝑐𝑐𝑗𝑗(𝑗𝑗+1) ⎥
⎢
⎥
𝒗𝒗𝒋𝒋 (𝑪𝑪) = ⎢ ⋮ ⎥
⎢𝑐𝑐𝑗𝑗(𝑘𝑘−1) ⎥
⎢ ⋮ ⎥
⎣ 𝑐𝑐𝑗𝑗𝑗𝑗 ⎦
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which is a column vector whose components are the components of the 𝑗𝑗 − 𝑡𝑡ℎ row vector of matrix 𝑪𝑪 starting at
position (𝑗𝑗, 𝑗𝑗) . The vector 𝒗𝒗𝒋𝒋 (𝑪𝑪) have 𝑎𝑎𝑗𝑗 components where 𝑎𝑎𝑗𝑗 = 𝑘𝑘 − 𝑗𝑗 + 1 , (Harville 1998), (Schott 1997),
(Salvador, 2013).

3. Adjustment and validation of the model
� 𝑖𝑖 =
Following Oliveira and Mexia (2007) we estimate the structure vector 𝜷𝜷𝑖𝑖 = 𝝀𝝀𝑖𝑖 𝜶𝜶𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘 by the 𝜷𝜷
𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘 , where 𝜃𝜃1 , … , 𝜃𝜃𝑛𝑛 are the eigenvalues and the 𝜸𝜸1 , … , 𝜸𝜸𝑛𝑛 . the eigenvectors of matrix 𝑴𝑴. With
𝑚𝑚1 , … , 𝑚𝑚𝑛𝑛 the column vectors of 𝑴𝑴, we have
𝑚𝑚1
𝜸𝜸𝑡𝑡𝑖𝑖 𝑚𝑚1
𝑚𝑚1𝑡𝑡 𝜸𝜸𝑖𝑖
𝑡𝑡
𝒕𝒕
�
)
(𝑰𝑰
𝜷𝜷𝑖𝑖 = 𝑴𝑴𝜸𝜸𝑖𝑖 = 𝑴𝑴 𝜸𝜸𝑖𝑖 = � ⋮ � = � ⋮ � = 𝑛𝑛 ⨂𝜸𝜸𝑖𝑖 � ⋮ � 𝒁𝒁 , 𝑖𝑖 = 1, … , 𝑘𝑘 ,
𝑚𝑚𝑛𝑛
𝑚𝑚𝑛𝑛𝑡𝑡 𝜸𝜸𝑖𝑖
𝜸𝜸𝑡𝑡𝑖𝑖 𝑚𝑚𝑛𝑛

� 𝑖𝑖 = 𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘 will have mean vector and variance-covariance matrix
so 𝜷𝜷

�𝑖𝑖 � = �𝑰𝑰𝑛𝑛 ⨂𝜸𝜸𝑡𝑡𝑖𝑖 � 𝜼𝜼 , 𝑖𝑖 = 1, … , 𝑘𝑘
⎧𝐸𝐸�𝜷𝜷
⎪

𝑡𝑡
⎨ ∑�𝜷𝜷
2 �𝑰𝑰 ⨂𝜸𝜸 � 𝑳𝑳 �𝑰𝑰𝑛𝑛 ⨂𝜸𝜸𝑖𝑖 � , 𝑖𝑖 = 1, … , 𝑘𝑘
⎪ �𝑖𝑖 � = 𝜎𝜎 𝑛𝑛 𝑖𝑖
⎩

,

�1 , … , 𝜷𝜷
� 𝑘𝑘 [𝜸𝜸1 … 𝜸𝜸𝑘𝑘 ] are good estimators of 𝜷𝜷1 , … , 𝜷𝜷𝑘𝑘 [𝜶𝜶1 … 𝜶𝜶𝑘𝑘 ] then, we can write
If 𝑴𝑴 has degree k , and the 𝜷𝜷

and then

with

Thus

� = 𝑴𝑴 −
𝑬𝑬

𝒌𝒌

� 𝜷𝜷𝑖𝑖 𝜶𝜶𝒕𝒕𝒊𝒊
𝒊𝒊=𝟏𝟏

≈ 𝑴𝑴 −

𝒌𝒌

� 𝑖𝑖 𝜸𝜸𝑡𝑡𝑖𝑖
� 𝜷𝜷
𝒊𝒊=𝟏𝟏

𝒌𝒌

= 𝑴𝑴 − �(𝑰𝑰𝑛𝑛 ⨂𝜸𝜸𝑡𝑡𝑖𝑖 ) 𝒁𝒁𝜸𝜸𝑡𝑡𝑖𝑖
𝒊𝒊=𝟏𝟏

� ) ≈ 𝒁𝒁 − 𝒗𝒗𝒗𝒗𝒗𝒗 �∑𝒌𝒌𝒊𝒊=𝟏𝟏�(𝑰𝑰𝑛𝑛 ⨂𝜸𝜸𝑡𝑡𝑖𝑖 ) 𝒁𝒁�𝜸𝜸𝑡𝑡𝑖𝑖 � ,
𝑹𝑹 = 𝒗𝒗𝒗𝒗𝒗𝒗(𝑬𝑬
𝒗𝒗𝒗𝒗𝒗𝒗 �∑𝒌𝒌𝒊𝒊=𝟏𝟏�(𝑰𝑰𝑛𝑛 ⨂𝜸𝜸𝑡𝑡𝑖𝑖 ) 𝒁𝒁�𝜸𝜸𝑡𝑡𝑖𝑖 � = ∑𝒌𝒌𝒊𝒊=𝟏𝟏(𝜸𝜸𝑖𝑖 ⨂𝑰𝑰𝑛𝑛 ⨂𝜸𝜸𝑡𝑡𝑖𝑖 ) 𝒁𝒁 .

𝑹𝑹 = (𝑰𝑰𝑛𝑛2 − 𝑾𝑾)𝒁𝒁,
with 𝑾𝑾 = ∑𝒌𝒌𝒊𝒊=𝟏𝟏(𝜸𝜸𝑖𝑖 ⨂ 𝑰𝑰𝑛𝑛 ⨂ 𝜸𝜸𝑡𝑡𝑖𝑖 ) and ∑(𝑹𝑹) = 𝜎𝜎 2 (𝑰𝑰𝑛𝑛2 − 𝑾𝑾)𝑳𝑳(𝑰𝑰𝑛𝑛2 − 𝑾𝑾)𝑡𝑡 .
� 1 , … , 𝜷𝜷
� 𝑘𝑘 [𝜸𝜸1 … 𝜸𝜸𝑘𝑘 ] will be the adjusted global structure
While the vector 𝑹𝑹 can be considered as a residual vector, 𝜷𝜷
vector.
Now to check if the model holds it is possible to derive from 𝑹𝑹 a vector that, when the model holds, is normal and
homoscedastic, (Areia et al. 2008). We then apply normality tests to that vector.
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4.

Application to the Inter-structure

In the Joint Table Analysis (ACT), it is customary to have several double-entry data tables, the data that make up these
tables are quantitative in nature, which can be obtained in different situations. Each table consists of n rows (objects)
and p columns (variables). The various techniques developed for the analysis of this type of tables date back to the
70s and 80s, namely studies of these techniques in Escoufier and L'Hermier des Plantes (1976), Foucart (1981), among
others. The various techniques developed allow for a global comparison of all tables, as well as the study of the
possible existence of a common structure, which is called inter-structure. The inter-structure is the first stage of the
STATIS methodology (STATIS and STATIS Dual method). This methodology was introduced by Hermier des
Plantes (1976) and was developed in particular by Lavit (1988). The STATIS methodology uses Euclidean distances
between configurations observed in k different situations that we call studies. Whenever, the variables differ
throughout the k studies and the number of objects is fixed, there is a proximity between the individuals (objects) we
say that we are within the scope of the STATIS method. Whenever the reverse occurs, that is, the number of variables
is fixed and objects can change over the course of studies, we say that we are within the scope of the STATIS Dual
method. In these two methods, series of studies are studied in which a trio of matrices is considered �𝑿𝑿, 𝑫𝑫, 𝑫𝑫̇�,
constituted by a data matrix 𝑿𝑿 and two weight matrices, one for objects and one for variables, 𝑫𝑫 and 𝑫𝑫̇ respectively.
When the objects are the same for all studies in a series, the same is said of the first type. When the variables are the
same for all studies in a series, the same is said for the second type. Escoufier (1978) defined the operators

and

𝑨𝑨𝑖𝑖 = 𝑿𝑿𝑖𝑖 𝑫𝑫̇𝑖𝑖 , 𝑿𝑿𝑡𝑡𝑖𝑖 𝑫𝑫𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑛𝑛,

to represent the studies

𝑩𝑩𝑖𝑖 = 𝑿𝑿𝑡𝑡𝑖𝑖 𝑫𝑫𝑖𝑖 𝑿𝑿𝑖𝑖 𝑫𝑫̇𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑛𝑛,
�𝑿𝑿𝑖𝑖 , 𝑫𝑫𝑖𝑖 , 𝑫𝑫̇𝑖𝑖 � , 𝑖𝑖 = 1, … , 𝑛𝑛,

in the case of series of first and second types, respectively. Let's consider the study of the first type series, putting
𝑼𝑼 = 𝑨𝑨, then we have the matrices 𝑆𝑆 = [𝑠𝑠𝑖𝑖𝑖𝑖 ],
with
𝑠𝑠𝑖𝑖𝑖𝑖 = 𝑡𝑡𝑡𝑡�𝑼𝑼𝑖𝑖 𝑼𝑼𝑗𝑗𝑡𝑡 � , 𝑖𝑖 = 1, … , 𝑛𝑛,

the product of Hilbert-Schmidt operators 𝑼𝑼𝑖𝑖 e 𝑼𝑼𝑗𝑗 , 𝑖𝑖 = 1, … , 𝑛𝑛. Being 𝜃𝜃1 ≥, … , ≥ 𝜃𝜃𝑛𝑛 , the eigenvalues and 𝜸𝜸1 , … , 𝜸𝜸𝑛𝑛
the corresponding eigenvectors, and according Escoufier (1978), the j-th study is represented by the point whose
1

1

coordinates are the j-th components of the vectors 𝜃𝜃12 𝜸𝜸1 , … , 𝜃𝜃𝑛𝑛2 𝜸𝜸𝑛𝑛 . When these points are along the first axis with the
direction of 𝜸𝜸1 , 𝜃𝜃1 it prevails over the other eigenvalues and the series has one-degree structure (Lavit, 1988). In that
case it can be admitted having
�,
𝑺𝑺 = 𝜆𝜆𝜶𝜶𝜶𝜶𝑡𝑡 + 𝑬𝑬

therefore, having a symmetric stochastic matrix with degree 1. Thus, it can be admitted that
𝑼𝑼𝑖𝑖 = 𝑼𝑼0𝑖𝑖 + 𝑬𝑬𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑛𝑛 ,

com 𝑼𝑼0𝑖𝑖 = [𝑢𝑢𝑖𝑖𝑖𝑖ℎ ] and 𝑬𝑬𝑖𝑖 = [𝑒𝑒𝑖𝑖𝑖𝑖ℎ ] with 𝒗𝒗𝒗𝒗𝒗𝒗�𝑬𝑬𝑖𝑖 �~𝑁𝑁(0, 𝜎𝜎 2 𝑰𝑰𝑚𝑚2 ) , 𝑖𝑖 = 1, … , 𝑛𝑛 (Areia, 2009).
It is also admitted that 𝒗𝒗𝒗𝒗𝒗𝒗�𝑬𝑬𝑖𝑖 � are independent. Thus,
𝑆𝑆𝑖𝑖𝑖𝑖 =

𝑡𝑡𝑡𝑡�𝑼𝑼𝑖𝑖 𝑼𝑼𝑗𝑗𝑡𝑡 �

𝑚𝑚

𝑚𝑚

= � �(𝒖𝒖𝑖𝑖𝑖𝑖ℎ + 𝑒𝑒𝑖𝑖𝑖𝑖ℎ )�𝒖𝒖𝑗𝑗𝑗𝑗ℎ + 𝑒𝑒𝑗𝑗𝑗𝑗ℎ �
𝑙𝑙=1 ℎ=1
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𝑚𝑚
∑𝑚𝑚
= ∑𝑙𝑙=1
ℎ=1�𝒖𝒖𝑖𝑖𝑖𝑖ℎ 𝒖𝒖𝑗𝑗𝑗𝑗ℎ + 𝒖𝒖𝑖𝑖𝑖𝑖ℎ 𝑒𝑒𝑗𝑗𝑗𝑗ℎ + 𝒖𝒖𝑗𝑗𝑗𝑗ℎ 𝑒𝑒𝑖𝑖𝑖𝑖ℎ + 𝑒𝑒𝑖𝑖𝑖𝑖ℎ 𝑒𝑒𝑗𝑗𝑗𝑗ℎ �
𝑚𝑚
∑𝑚𝑚
= 𝑆𝑆𝑖𝑖𝑖𝑖0 + ∑𝑙𝑙=1
ℎ=1�𝑒𝑒𝑖𝑖𝑖𝑖ℎ 𝑒𝑒𝑗𝑗𝑗𝑗ℎ � , 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑛𝑛 ,

𝑚𝑚
∑𝑚𝑚
with 𝑆𝑆𝑖𝑖𝑖𝑖0 = ∑𝑙𝑙=1
ℎ=1�𝒖𝒖𝑖𝑖𝑖𝑖ℎ 𝒖𝒖𝑗𝑗𝑗𝑗ℎ + 𝒖𝒖𝑖𝑖𝑖𝑖ℎ 𝑒𝑒𝑗𝑗𝑗𝑗ℎ + 𝒖𝒖𝑗𝑗𝑗𝑗ℎ 𝑒𝑒𝑖𝑖𝑖𝑖ℎ � , 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑛𝑛.

With 𝑺𝑺0 = [𝑆𝑆𝑖𝑖𝑖𝑖0 ] , 𝒗𝒗𝒗𝒗𝒗𝒗(𝑺𝑺0 ) it will be normally distributed. We can therefore admit that 𝒁𝒁 = 𝒗𝒗𝒗𝒗𝒗𝒗(𝑺𝑺) it will be
𝑚𝑚
∑𝑚𝑚
(approximately) normally distributed as long as we can despised ∑𝑙𝑙=1
ℎ=1�𝑒𝑒𝑖𝑖𝑖𝑖ℎ 𝑒𝑒𝑗𝑗𝑗𝑗ℎ � , 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑛𝑛 . Through
simulations carried out see (Dias, 2013, p.85-95), it is shown that when the coefficients of variation

normal variables 𝑿𝑿𝑗𝑗 , 𝑗𝑗 = 1,2 are less than

1

17

𝜎𝜎𝑗𝑗
𝜇𝜇𝑗𝑗

, of a pair of

, the product 𝑿𝑿1 𝑿𝑿2 can be treated as being normally distributed. So, when

the matrix elements 𝑼𝑼1 , … , 𝑼𝑼𝑛𝑛 have coefficients of variation less than

With

1

17

we can treat Z as normal.

𝑚𝑚
∑𝑚𝑚
𝑲𝑲𝑖𝑖𝑖𝑖 = 𝑡𝑡𝑡𝑡�𝑼𝑼0𝑖𝑖 𝑼𝑼𝑗𝑗0𝑡𝑡 � = ∑𝑙𝑙=1
ℎ=1�𝒖𝒖𝑖𝑖𝑖𝑖ℎ + 𝒖𝒖𝑗𝑗𝑗𝑗ℎ � , 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑛𝑛,

given the independence and homoscedasticity of 𝒗𝒗𝒗𝒗𝒗𝒗�𝑬𝑬𝑖𝑖 �, 𝑖𝑖 = 1, … , 𝑛𝑛, we have
𝑚𝑚

𝑚𝑚

𝑚𝑚

𝑚𝑚

2
𝑉𝑉𝑉𝑉𝑉𝑉�𝑆𝑆𝑖𝑖𝑖𝑖0 � = 𝑉𝑉𝑉𝑉𝑉𝑉 �� ��𝒖𝒖𝑖𝑖𝑖𝑖ℎ + 𝑒𝑒𝑖𝑖𝑖𝑖ℎ + 𝒖𝒖𝑗𝑗𝑗𝑗ℎ + 𝑒𝑒𝑗𝑗𝑗𝑗ℎ �� = 𝜎𝜎 2 � ��𝒖𝒖2𝑖𝑖𝑖𝑖ℎ + 𝒖𝒖𝑗𝑗𝑗𝑗ℎ
�
𝑙𝑙=1 ℎ=1

as well as

𝑙𝑙=1 ℎ=1

= 𝜎𝜎 2 �𝑲𝑲𝑖𝑖𝑖𝑖 + 𝑲𝑲𝑗𝑗𝑗𝑗 � , 𝑖𝑖 ≠ 𝑗𝑗 ,
𝑉𝑉𝑉𝑉𝑉𝑉�𝑆𝑆𝑖𝑖𝑖𝑖0 �

𝑚𝑚

𝑚𝑚

𝑚𝑚

𝑚𝑚

= 𝑉𝑉𝑉𝑉𝑉𝑉 �2 � �(𝒖𝒖𝑖𝑖𝑖𝑖ℎ + 𝑒𝑒𝑖𝑖𝑖𝑖ℎ )� = 4𝜎𝜎 � �(𝒖𝒖2𝑖𝑖𝑖𝑖ℎ )
2

𝑙𝑙=1 ℎ=1

= 4𝜎𝜎 2 (𝑲𝑲𝑖𝑖𝑖𝑖 ) , 𝑖𝑖 = 1, … , 𝑛𝑛.

𝑙𝑙=1 ℎ=1

The remaining elements of the variance-covariance matrix (𝑳𝑳) are (approximately) given by (Areia, 2009),
𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑖𝑖𝑖𝑖 � = 𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑗𝑗𝑗𝑗 � = 2𝜎𝜎 2 𝑲𝑲𝑖𝑖𝑖𝑖 , 𝑖𝑖 ≠ 𝑗𝑗.
⎧
⎪
⎪ 𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑗𝑗𝑗𝑗 � = 0 𝑖𝑖 ≠ 𝑗𝑗
𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑗𝑗𝑗𝑗 � = 𝑉𝑉𝑉𝑉𝑉𝑉�𝑆𝑆𝑖𝑖𝑖𝑖 �𝜎𝜎 2 �𝑲𝑲𝑖𝑖𝑖𝑖 + 𝑲𝑲𝑗𝑗𝑗𝑗 � , 𝑖𝑖 ≠ 𝑗𝑗
⎨
𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑖𝑖𝑙𝑙 � = 𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑙𝑙𝑙𝑙 � ≈ 𝜎𝜎 2 𝑲𝑲𝑗𝑗𝑗𝑗 , 𝑖𝑖 ≠ 𝑗𝑗 ≠ 𝑙𝑙
⎪
⎪
𝑖𝑖 ≠ 𝑗𝑗 ≠ 𝑙𝑙 ≠ 𝑢𝑢
⎩𝐶𝐶𝐶𝐶𝐶𝐶�𝑆𝑆𝑖𝑖𝑖𝑖 , 𝑆𝑆𝑙𝑙𝑙𝑙 � = 0 ,

We can then admit (with due approximation) that 𝒁𝒁~𝑁𝑁(𝜼𝜼, 𝜎𝜎 2 𝑳𝑳), with 𝜼𝜼 = 𝒗𝒗𝒗𝒗𝒗𝒗([𝑲𝑲]) and 𝑲𝑲 = [𝑘𝑘𝑖𝑖𝑖𝑖 ] , since the
components of 𝒗𝒗𝒗𝒗𝒗𝒗(𝑺𝑺0 ) being linear functions of a normal vector will have normal joint distribution. Since the S
model is a particular case of the base model
𝒌𝒌

�
� = � 𝝀𝝀𝒊𝒊 𝜶𝜶𝒊𝒊 𝜶𝜶𝒕𝒕𝒊𝒊 + 𝑬𝑬
𝑴𝑴 = 𝝁𝝁 + 𝑬𝑬
𝒊𝒊=𝟏𝟏

� is a symmetric stochastic matrix. with (𝜆𝜆𝑖𝑖 , 𝛼𝛼𝑖𝑖 ) are
with (𝜆𝜆𝑖𝑖 , 𝜶𝜶𝒊𝒊 ) are the pairs (eigenvalues, eigenvectors) of 𝝁𝝁 and 𝑬𝑬
�
the pairs (eigenvalues, eigenvectors) of 𝝁𝝁 and 𝑬𝑬 is symmetric stochastic matrix. To avoid considering a possible large
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number of small eigenvalues we assume that 𝜆𝜆1 ≥ ⋯ ≥ 𝜆𝜆𝑘𝑘 >c. With 𝛽𝛽𝑖𝑖 = 𝜆𝜆𝑖𝑖 𝛼𝛼𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘 the information contained
in M can be condensed in a structured vector
𝜷𝜷 = [𝜷𝜷𝒕𝒕𝟏𝟏 … 𝜷𝜷𝒕𝒕𝒌𝒌 ]𝒕𝒕 ,

and, a sum of square of residues

𝑉𝑉 = ‖𝑴𝑴‖𝟐𝟐 − ‖𝜷𝜷‖𝟐𝟐 ,

where ‖ ‖ indicates Euclidean norm both for matrices and vectors.

In this article we use the 𝒗𝒗𝒗𝒗𝒗𝒗 and other relater operators to carry out inference for structured families of symmetric
stochastic matrices 𝑴𝑴. These are obtained through the sum of the respective mean matrix and a symmetric stochastic
matrix with null mean. We consider that the vec operator of the matrix E is normal homoscedastic. The matrices on
these families correspond to the treatments of a base design, and the inference is centered on model validation and the
action of the factors in the base model on mean matrices.

3.

Application to Cross Product Matrices

Given the data matrix 𝑿𝑿 of type 𝑣𝑣 × 𝑑𝑑, the matrices 𝑿𝑿𝑿𝑿𝒕𝒕 and 𝑿𝑿𝒕𝒕 𝑿𝑿 are the matrices of cross products for row and
column vector of 𝑿𝑿𝒕𝒕 𝑿𝑿 . In particular if the column vectors of 𝑿𝑿 are the 𝒗𝒗𝒗𝒗𝒗𝒗�𝑼𝑼𝑖𝑖 �, 𝑖𝑖 = 1, … , 𝑑𝑑 , 𝑿𝑿𝒕𝒕 𝑿𝑿 will be the matrix
of Hilbert-Schmidt products of the matrices 𝑼𝑼1 , … , 𝑼𝑼𝑑𝑑 . Thus, these models directly generalize the previous ones,
making it easy to verify that the treatment presented extends directly.
In the case of the matrix 𝑿𝑿𝑿𝑿𝒕𝒕 we should have

𝑘𝑘𝑖𝑖𝑖𝑖 = ∑𝑑𝑑𝑙𝑙=1 𝑥𝑥𝑖𝑖𝑖𝑖 𝑥𝑥𝑗𝑗𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑚𝑚 ,

with 𝑿𝑿 = [𝑥𝑥𝑖𝑖ℎ ] . For the matrix 𝑿𝑿𝒕𝒕 𝑿𝑿 we will have

𝑘𝑘𝑖𝑖𝑖𝑖 = ∑𝑚𝑚
𝑙𝑙=1 𝑥𝑥𝑙𝑙𝑙𝑙 𝑥𝑥𝑙𝑙𝑙𝑙 , 𝑖𝑖, 𝑗𝑗 = 1, … , 𝑑𝑑 .

Note that the matrices 𝑿𝑿𝑿𝑿𝒕𝒕 and 𝑿𝑿𝒕𝒕 𝑿𝑿 have the same non-null eigenvalues 𝜃𝜃1 ≥, … , ≥ 𝜃𝜃𝑟𝑟 > 0, with 𝑟𝑟 = 𝐶𝐶𝐶𝐶𝐶𝐶(𝑿𝑿) =
𝐶𝐶𝐶𝐶𝐶𝐶(𝑿𝑿𝑿𝑿𝒕𝒕 ) = 𝐶𝐶𝐶𝐶𝐶𝐶(𝑿𝑿𝒕𝒕 𝑿𝑿 ). Thus, the models for 𝑿𝑿𝑿𝑿𝒕𝒕 and 𝑿𝑿𝒕𝒕 𝑿𝑿 will have the same degree 𝑘𝑘´. Assuming that 𝑑𝑑 < 𝑣𝑣, the
model must be adjusted to 𝑿𝑿𝒕𝒕 𝑿𝑿 which will be a matrix 𝑑𝑑 × 𝑑𝑑 rather than 𝑿𝑿𝑿𝑿𝒕𝒕 that is 𝑣𝑣 × 𝑣𝑣. At 𝜸𝜸̇ 1 , … , 𝜸𝜸̇ 𝑘𝑘´ first 𝑘𝑘´
eigenvectors for 𝑿𝑿𝒕𝒕 𝑿𝑿 will correspond, as eigenvectors of 𝑿𝑿𝑿𝑿𝒕𝒕 , the
𝜸𝜸𝑖𝑖 =

1

�𝜃𝜃𝑖𝑖

𝑿𝑿𝜸𝜸̇ 𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘´,

that can be used in the inference for the 𝑿𝑿𝑿𝑿𝒕𝒕 models and their families.

Since 𝑉𝑉 = ‖𝒀𝒀‖2 , with 𝑉𝑉 the sum of the squared residuals, and considering 𝒀𝒀 normal with mean vector and covariance
matrix 𝜎𝜎 2 𝑰𝑰𝑚𝑚 , is independent from the structure vector 𝜷𝜷̇𝑖𝑖 , with
that is independent of

𝜷𝜷̇𝑖𝑖 = (𝑿𝑿𝒕𝒕 𝑿𝑿)𝜸𝜸𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘´
𝜷𝜷𝑖𝑖 = 𝑿𝑿𝜷𝜷̇𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑘𝑘´,

so, the results for the model corresponding to 𝑿𝑿𝒕𝒕 𝑿𝑿 are carried directly to the model corresponding to 𝑿𝑿𝑿𝑿𝒕𝒕 .
© IEOM Society International

2958

Proceedings of the 5th NA International Conference on Industrial Engineering and Operations Management
Detroit, Michigan, USA, August 10 - 14, 2020
In many cases grade one models can be used for these matrices (Oliveira 2001), (Ramos 2007) and (Areia 2011).

4.

Structured Families

These vectorial operators, besides presenting themselves as an important part in the new formulation for these models,
also facilitate the presentation of the results. The models for symmetric stochastic matrices are the basis for inference
for isolated matrices and for structured families of matrices (Dias 2013), (Dias et al. 2016).
In these families the matrices, all of the same order, correspond to the treatments of base models. Since the matrices
have all the same order, we are in the balanced case where we have the same number of degrees of freedom for the
error for each treatment.
The ANOVA and related techniques are, in the balanced case, robust techniques for heteroscedasticity and even more
for non-normality (Ito 1980), (Scheffé 1959).
The symmetric n× n matrix 𝑾𝑾 = �𝑤𝑤𝑖𝑖𝑖𝑖 � has, besides its 𝒗𝒗𝒗𝒗𝒗𝒗 the 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠_𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗(𝑴𝑴) with components
𝑤𝑤1,1 , … , 𝑤𝑤𝑛𝑛,𝑛𝑛 , 𝑤𝑤2,3 , … , 𝑤𝑤2,𝑛𝑛 , … , 𝑤𝑤𝑛𝑛−1,𝑛𝑛 .
We use the 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠_𝒗𝒗𝒗𝒗𝒗𝒗 to validate models for symmetric stochastic matrices. When the predominance of the first
eigenvalue is very large, we can adopt a model of degree one of the form
�,
𝑴𝑴 = 𝝁𝝁 + 𝑬𝑬

� is a symmetric stochastic matrix with null mean, such that 𝑬𝑬
� = 1 (𝑬𝑬 + 𝑬𝑬𝑡𝑡 ) with
where 𝝁𝝁 is a mean matrix and 𝑬𝑬
2
𝒗𝒗𝒗𝒗𝒗𝒗(𝑬𝑬)~𝑵𝑵(𝟎𝟎, 𝜎𝜎 2 𝑰𝑰𝑛𝑛2 ) normal homoscedastic.
These models, as we mentioned earlier, have been used successfully in several applications, namely the first phase of
the STATIS methodology, the inter-structure. Since Hilbert-Schmidt matrices are matrices of cross products, we can
use them for the latter, changing to higher-grade models if degree one models do not fit. In what follows we will base
ourselves on presenting the main results that we have for these models.
Simulations (presented next, in the Table 1), show that when the first eigenvalue is sufficiently dominant, we can
conclude that the mean matrix as rank one and that the first eigenvalue and eigenvector can be used to estimate the
sole non null eigenvalue of the mean matrix and the corresponding eigenvector.
It is intended to generalize this approach, that is, when the first 𝑛𝑛 eigenvalues of the matrix 𝑴𝑴 are sufficiently larger
than the others, we can use them to estimate 𝜆𝜆1 , … , 𝜆𝜆𝑟𝑟 and the corresponding eigenvectors to estimate 𝜶𝜶1 , … , 𝜶𝜶𝑟𝑟 .
Thus, with 𝜃𝜃1 > 𝜃𝜃2 > ⋯ > 𝜃𝜃𝑛𝑛 the eigenvalues of the matrix 𝑴𝑴 associated to the eigenvectors 𝜸𝜸1 , … , 𝜸𝜸𝑟𝑟 , respectively.
Thus
𝑴𝑴 = ∑𝒏𝒏𝑖𝑖=1 𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 𝜸𝜸𝑡𝑡𝑖𝑖 .

� 𝑖𝑖 = 𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 , with 𝑖𝑖 = 1, … , 𝑛𝑛.
The first 𝑟𝑟 eigenvectors of structure can be estimated by 𝜷𝜷
The most interesting cases for these types of models occur when the matrices of this family have the first dominant
eigenvalue or the first dominant eigenvalues. In that case, the action of the factors of that design, on the components
of the first structure vector or the first structure vectors, depending as it is only the first dominant eigenvalue or the
first dominant eigenvalues, respectively (Dias et al. 2012), (Salvador 2013).
Let, (𝜃𝜃𝑖𝑖 , 𝜸𝜸𝑖𝑖 ) 𝑖𝑖 = 1, … , 𝑛𝑛 be the pairs of eigenvalues and eigenvectors for 𝑴𝑴. Then
when

‖𝑴𝑴‖2 = ∑𝑛𝑛𝑖𝑖=1 𝜃𝜃𝑖𝑖2 ,
𝑅𝑅 =

𝜃𝜃𝑖𝑖2
𝑘𝑘
∑𝑙𝑙=𝑖𝑖+1 𝜃𝜃𝑙𝑙2

If 𝑐𝑐𝑖𝑖 is large we can take the pair (𝜃𝜃𝑖𝑖 , 𝜸𝜸𝑖𝑖 ) 𝑖𝑖 = 1, … , 𝑛𝑛 as estimators of (𝜆𝜆𝑖𝑖 , 𝜶𝜶𝑖𝑖 ) 𝑖𝑖 = 1, … , 𝑛𝑛, (Oliveira and Mexia 2004).
The values considered for 𝑘𝑘 were: 2, 6, 8, 14, 17 and 40 and the values of 𝑅𝑅 were 12, 5; 50, 100, 200, 600 and 800.
In the construction of the 𝑴𝑴 matrices we took advantage of the symmetry of the problem taking 𝜶𝜶 = 𝜻𝜻1 .
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For each pair (𝑘𝑘, 𝑅𝑅 ), 1000 matrices 𝑬𝑬 were generated with

𝒗𝒗𝒗𝒗𝒗𝒗(𝑬𝑬)~𝑁𝑁(𝟎𝟎, 𝑰𝑰𝑘𝑘 2 )

from which we obtained the matrices

�,
𝑾𝑾 = 𝜆𝜆𝜻𝜻1 𝜻𝜻1𝑡𝑡 + 𝑬𝑬

with

𝜆𝜆 = √2𝑅𝑅,

and 𝜶𝜶 = 𝜻𝜻1 . Being 𝜸𝜸1 the first eigenvector of 𝑾𝑾, since

‖𝜻𝜻1 ‖2 = ‖𝜸𝜸1 ‖2 = 1,

we will have

‖𝜻𝜻1 − 𝜸𝜸1 ‖2 = (𝜻𝜻1 − 𝜸𝜸1 )𝑡𝑡 (𝜻𝜻1 − 𝜸𝜸1 )

= 𝜻𝜻1𝑡𝑡 𝜻𝜻1 − 2𝜻𝜻1𝑡𝑡 𝜸𝜸1 + 𝜸𝜸1𝑡𝑡 𝜸𝜸1

= 2(1 − 𝜸𝜸11 ),

since 𝜸𝜸11 = 𝜻𝜻1𝑡𝑡 𝜸𝜸1 , with 𝜸𝜸11 the first component of 𝜸𝜸1 . If ‖𝜸𝜸1 ‖2 = 1, we will have −1 ≤ 𝜸𝜸11 ≤ 1, and
‖𝜶𝜶 − 𝜸𝜸1 ‖2 = ‖𝜻𝜻1 − 𝜸𝜸1 ‖2 ,

is much smaller as much closer to 1 is 𝜸𝜸11 . Thus, we can consider 𝜸𝜸11 as a measure of efficiency of 𝜸𝜸, to estimate 𝜶𝜶.

Thus, for each pair (𝑘𝑘, 𝑅𝑅 ), we present in Table 1 results for batches of 1000 simulations, and the respective mean
values and standard deviation for ‖𝜶𝜶 − 𝜸𝜸1 ‖2 . From the analysis of the Table 1 we see that, there are many times when
the estimated values for 𝑐𝑐𝑖𝑖 fall in the zone where we are led to admit having 𝜸𝜸 ≈ 𝜶𝜶 and consequently, 𝜃𝜃𝑘𝑘 ≈ 𝜆𝜆, and
when 𝑅𝑅 > 200, we can use 𝜃𝜃 and 𝜸𝜸 as estimators of 𝜆𝜆 and 𝜶𝜶 respectively.
𝑅𝑅

Table 1. Mean values and standard deviations for ‖𝜶𝜶 − 𝜸𝜸1 ‖2 .
Mean

𝑘𝑘 = 2

S.D.

Mean

𝑘𝑘 = 6

S.D.

Mean

𝑘𝑘 = 8

S.D.

12.5

0.944

0.181

0.691

0.288

0.501

0.287

50

0.941

0.061

0.908

0.118

0.878

0.128

100

0.986

0.008

0.973

0.010

0.965

0.011

200

0.998

0.002

0.997

0.002

0.996

0.003

600

0,999

0,000

0,999

0,001

0,998

0,001

800

0,999

0,000

0,999

0,000

0,000

0,000

𝑘𝑘 = 14

𝑘𝑘 = 17

𝑘𝑘 = 40

𝑅𝑅

Mean

S.D.

Mean

S.D.

Mean

S.D.

12.5

0,432

0.296

0,378

0.263

0,417

0.243

50

0,787

0.165

0,891

0.177

0,705

0.223
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100

0,943

0.038

0,932

0.051

0,869

0.062

200

0,996

0.012

0,956

0.016

0,889

0.016

600

0,998

0,002

0,997

0,004

0,983

0,002

800

0,999

0,000

0,999

0,000

0,999

0,000

Let us put
� ℎ = 𝑴𝑴 − ∑ℎ𝑖𝑖=1 𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 𝜸𝜸𝑡𝑡𝑖𝑖 ,
𝑴𝑴

� ℎ ≈ 𝑬𝑬, and so the components of 𝑺𝑺(𝑴𝑴
� ℎ ). If 𝑘𝑘 ≤ ℎ we will have 𝑴𝑴
� ℎ ) can be assumed to be normal
where 𝑚𝑚ℎ = 𝑺𝑺(𝑴𝑴
with null mean values.
� ℎ ) we are then led to test
With 𝑌𝑌1 , … , 𝑌𝑌𝑔𝑔 (𝑔𝑔 = 𝑛𝑛(𝑛𝑛 − 1)) the components of 𝑺𝑺(𝑴𝑴

𝐻𝐻0𝑘𝑘 : 𝑌𝑌1 , … , 𝑌𝑌𝑔𝑔 𝑖𝑖. 𝑖𝑖. 𝑑𝑑. ~𝑁𝑁(0, 𝜎𝜎 2 ) ,

using the statistics (Mexia 1989, 1989b)

ℱ=

𝑔𝑔

2

(𝑔𝑔−1)�∑𝑖𝑖=1 𝑌𝑌𝑖𝑖 �
𝑔𝑔

𝑔𝑔

2

𝑔𝑔 ∑𝑖𝑖=1 𝑌𝑌𝑖𝑖 2 −�∑𝑖𝑖=1 𝑌𝑌𝑖𝑖 �

,

which when the hypothesis holds, has the central F distribution with 1 and 𝑔𝑔 − 1 degrees of freedom (Mexia 1995).
When H 0 thus not hold, the 𝑌𝑌1 , … , 𝑌𝑌𝑔𝑔 will have mean values 𝜇𝜇1 , … , 𝜇𝜇𝑔𝑔 and the numerator and denominator of F will
have the non-centrality parameter

𝛿𝛿1 =

2
1 1 𝑔𝑔
� ∑𝑖𝑖=1 𝜇𝜇𝑖𝑖 � ,
2
𝜎𝜎 𝑔𝑔

and 𝛿𝛿2 =

1
𝑔𝑔
�∑𝑖𝑖=1 𝜇𝜇𝑖𝑖2
𝜎𝜎 2

𝑔𝑔

2

− �∑𝑖𝑖=1 𝑌𝑌𝑖𝑖 � � ,

hence, there will be alternatives in which 𝛿𝛿1 predominates over 𝛿𝛿2 (𝛿𝛿2 predominates over 𝛿𝛿1 and in which F tends to
take larger (smaller) values than when H 0 holds. A numerical study showed that, with 𝑓𝑓𝑝𝑝 ,1,𝑔𝑔−1 the quantile for
probability p of the central F distribution with 1 and 𝑔𝑔 − 1 degrees of freedom, the acceptance region.
�𝑓𝑓𝑝𝑝,1,𝑔𝑔−1 ; 𝑓𝑓1− 𝑝𝑝 ,1 ,𝑔𝑔−1 �,
2

2

leads to, p level tests with power increasing rapidly with 𝛿𝛿1 and 𝛿𝛿2 (Mexia 1995).
We test this hypothesis for increasing values of k. With 𝑘𝑘� the smallest value for which the hypothesis is not rejected
we will have the degree of the adjusted model given by
�

𝑴𝑴∗ = ∑𝑘𝑘𝑖𝑖=1 𝜃𝜃𝑖𝑖 𝜸𝜸𝑖𝑖 𝜸𝜸𝑡𝑡𝑖𝑖 .

We can now complete the adjustment testing hypothesis that 𝜸𝜸𝑘𝑘�+1 , …, 𝜸𝜸𝑛𝑛 , 𝑘𝑘� = 1, … , 𝑛𝑛 − 1 are normal homoscedastic
with null mean vectors independent between them self’s, and from 𝜸𝜸𝑘𝑘� , which will have a mean vector𝜸𝜸𝑘𝑘� ≠ 0, using
the test statistic

ℱ�𝑘𝑘� = (𝑛𝑛 − 𝑘𝑘� )

2

�𝜸𝜸𝑘𝑘� �

2

∑𝑛𝑛
ℎ=𝑘𝑘+1�𝜸𝜸ℎ �

.

This F test has n and �𝑛𝑛 − 𝑘𝑘� �𝑛𝑛 degrees of freedom and non-centrality parameter
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and the p level critical value 𝐹𝐹1−𝑝𝑝,𝑛𝑛,(𝑛𝑛−𝑘𝑘�)𝑛𝑛 .

5.

𝛿𝛿ℎ =

2
1
�𝜸𝜸�𝑘𝑘 � ,
𝜎𝜎 2

Conclusion

In this article we show how to use 𝒗𝒗𝒗𝒗𝒗𝒗 type operators to validate the model. The presented formulation allowed us to
make inference about the series of study, because the results presented in this work can be applied to the matrices of
the products of Hilbert-Schmidt and cross product matrices. These operators allowed us to present results that allow
inference to be made for models for symmetric stochastic matrices. The 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠_𝒗𝒗𝒗𝒗𝒗𝒗 can be used to determinate the
� , and we obtained, using adjusted eigenvalues and
number of non-null eigenvalues of a symmetric matrix 𝑴𝑴 = 𝝁𝝁 + 𝑬𝑬
eigenvectors, an adjusted model for 𝑴𝑴. These models provided the basis for making inference for isolated matrices
and structured families of matrices.
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