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Abstract 

 
The Verhulst logistic function is among the most popular function to describe a growth phenomenon. 
Initially the theory is applied in studying the growth of living organism populations. However now it finds 
the applications in any growth phenomenon, including social, education, and engineering. There is a huge 
number of applications of the logistic function in various field. One of the strength of the model is its 
capability in estimating the carrying capacity or the maximum level of the growth. This upper bound   is 
very important to obtain and has many practical implication. However, in some circumstances the function 
may fail to estimate this upper bound, especially when the growth is still at the beginning phase.  In 
pedagogical context of mathematical modeling this failure is regarded as a good example in explaining the 
modeling process, in which when a model fails to comply with the reality, one should proceed to refine the 
model following the full cycle of modeling process.  In this paper we present a modified growth model of 
the Verhulst logistic function, since when it is applied to the COVID-19 pandemic data in Indonesia, it 
cannot estimate the carrying capacity satisfactory. The modification has improved the estimation 
performance in terms of the root of the mean square error measure (RMSE). 
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1. Introduction 
Teaching mathematical modeling is not only transfering the knowlegde of modeling concepts to students, but also 
should provide real experiences and full involvement in developing a reasonably good and realistic model. The system 
that is being modeled and the problem that is being addressed should also seen as a familiar system and problem. The 
appearence of COVID-19 as a pandemic can be seen as a good example. In this paper we will present a mathematical 
model that can be used as a good example in teaching how to refine a model to produce a better model according to 
Meyer (1984) criteria. Acccording to Meyer, a model can be called a good model if it has reasonably good in terms 
of  accuracy, descriptive realism, precision, robustness, generality, and fruitfulness. The fulfillment to those criteria 
might be partially (it is not necessarilly to fulfill all the seven criteria). To give a feeling to the problem in COVID-19 
pandemic, in the following we give a brief review of the disease transmission background. 
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COVID-19 appeared only about a year  ago officially. However the impact is very devastating to almost all aspect of 
human life. It is a very dangerous new disease in terms of health impact, economy, and other human aspects. COVID-
19 so far is still regarded as a disease that difficult to understand, let alone to control, due to several reasons such as 
lack of data and confusing report  (Caudill 2020). See also the following website address:  
https://www.hawaiinewsnow.com/video/2020/09/03/experts-states-confusing-covid-reporting-makes-it-difficult-
understand-spread-covid-community/. This is among the reasons why so far most infected countries still struggling 
combating the disease. As a new disease it is already has been declared as a Pandemic by the World Health 
Organization (WHO) on March 11, 2020. This disease is caused by the Corona SARS-2 virus and is thought to have 
originated in Wuhan, China. At that time, more than 118,000 cases were recorded in 114 countries with 4,291 people 
losing their lives (WHO 2020). To see the widespread of the disease, we note that as of April 11, 2020, the figure has 
increased dramatically with a total number of more than 1.5 million cases of infection and more than one hundred 
fatalities and at the end of July 2020, there were 16,839,692 recorded positive cases of infection with 661,379 deaths, 
and even currently those number have reached to nearly 27 million and one million, respectivelly (Worldometer 2020). 
 
Since the announcement of the pandemic, almost every country has made very intensive effort to combat the disease, 
albeit with a wide variety of responses. Efforts are generally directed to handling cases of infection, prevention of 
transmission and development of early detection methods for monitoring transmission of the disease. Some examples 
of the responses are documented in Djalante et al. (2020), Kaguyo et al. (2020). Various collaborative research efforts 
are made to develop better strategies for controlling the spread of disease based on a scientific basis including the use 
of mathematical modeling to understand COVID-19 data.  
 
Since it first appearence in Wuhan, the propagation in many countries still in increasing phase, including in Indonesia. 
Figure 1.a  shows that so far there is no indication that it would decelerate the propagation velocity. Theoretically all 
disease if it is untreated will experience a sigmoid curve growth for the cumulative confirmed cases, since eventually 
most people will be contracted by the disease. Consequently, this will make the number of susceptible declines  and 
makes  the difficulty for the disease to find the target. This will also make the number of the daily new cases declines. 
This theoretical situation has not yet appeared in the case of Indonesia (Figure 1. b). This trend also holds for the 
cumulative  confirmed cases worldwide (Anonymous 2020). 
 

 
 

 
(a) (b) 

Figure 1. Total Coronavirus Cases (a) and Daily New Cases (b) in Indonesia from the beginning of the disease (2 
March 2020) to 14 September 2020. The figures show that the disease still in the exponential growth phase. Source: 

https://www.worldometers.info/coronavirus/country/indonesia/ 
 
So far there are a lot of mathematical models have been developed to study the COVID-19 data, using different 
mathematical methods and approaches. Some using mechanical  white box models and others using empirical  black 
box models. Both have equally strengths and weaknesses, depending on the target of the modeling purposes. Among 
the empirical models are (Shen 2020,  Zou et al. 2020, Aviv-Sharon and Aharoni 2020, Wang et al. 2020, Wu et al. 
2020, Ghosh et al. 2020). All the above mentioned authors have utilized the logistic growth function (or the modified 
logistic of the classical Verhulst model) in analyzing the COVID-19 data for various countries. The results are quite 
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good and fit to the real data. Some implication regarding control action and intervention are also suggested in their 
works.   
 
We undertook a brief bibliogrhaphic analyis using Publish or Perish software application  
(https://harzing.com/resources/publish-or-perish) by searching publication for the keywords “COVID-19” and 
“logistic” from Google Scholar database and Scopus data base, and found more than 1000 papers. But the keyword 
“logistic” might also refer to other concept, such as those in supply chain and economy. We select only the related 
ones and the results from VOSViewer visualization software application (https://www.vosviewer.com/) we obtain 
keywords relation (to other keywords) and authors relation in Figure 2 (Google Scholar data base) and Figure 3 
(Scopus data base). The result is shown in Figure 2.a (Google Scholar data base) indicates that most collaborating 
authors bearing chinesse name. It does not mean that the institutions are in China. However result in Figure 3.a (Scopus 
data base) show that (when look at the authors’ names) the collaborating authors are more diverse, coming from 
different countries. Figures 2.b and 3.b show other related keywords that appeared in the publication of the papers 
bearing those two keywords, “COVID-19” and “logistic”. The figures show that the logistic growth function (or the 
modified- and generalized- logistic growth) have been applied in many context of COVID-19. 
 

 
(a) (b) 

Figure 2. VOSviewer representation of collaborating authors who published papers bearing the keywords “COVID-
19” and “logistic” (a) and other keyword that appear in the papers (b). The metadata of publication are from Google 

Scholar data base, retrieved on 14 September 2020. 
 

 
 

•  
• (a) (b) 

Figure 3. VOSviewer representation of collaborating authors who published papers bearing the keywords “COVID-
19” and “logistic” (a) and other keyword that appear in the papers (b). The metadata of publication are from Scopus 

data base, retrieved on 14 September 2020. 
 
 
The Verhulst logistic function is among the most popular equation to describe a growth phenomenon. Besides paper 
publication on logistic growth model, there are also software application that readily used by those who do not want 
to involve in too many mathematical analysis, such as in Wolframcloud (2020).  There is a huge number of applications 
of the logistic equation in various field. One of the strength of the model is its capability in estimating the carrying 
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capacity or the maximum level of the growth. This upper bound   is very important to obtain and has many practical 
implication. However, in some circumstances the model may fail to estimate this upper bound, especially when the 
growth is at the beginning phase.  We will show the case when logistic model is unable to give a satisfactory 
performance.  We will also present a modified growth model of the Verhulst logistic equation, since when it is apply 
to the COVID-19 data pandemic in Indonesia, it cannot estimate the carrying capacity satisfactory. The modification 
has improve the estimation in terms of the root of the mean square error measure. The following section will review 
briefly the Verhulst logistic equation. 

 
 
2. Method 
We obtained the pandemic data in Indonesia from the Worldometer website (Worldometer 2020). The data which are 
available from the website include total confirmed cases, daily new cases, daily active cases, daily death, etc. However, 
we only use the time series data of the total confirmed cases to fit with the logistic model. We used the data starting 
on 2 February, the official first day of the reported pandemic cases in Indonesia, up to 14 September 2020.  We used 
the classical Verhulst logistic model to fit the time series of the total confirmed cases. The parameters refer to the 
asymptotic value (carrying capacity or the maximum number of total confirmed cases, K) and the logistic growth rate 
or steepness of the curve (r). In applying the logistic equation to the pandemic data we  denoted that X(t) is the 
cumulative of confirmed case at time t. The calculation is done using Solver in the Microsoft Excel application by 
choosing the GRG Nonlinear (Generalized Reduced Gradient) for the oftimization to find the minimum root of the 
mean square error as the measure. 
 
2.1 The Morgan-Mercer-Flodin  Growth Function 
The Verhulst logistic equation is among the most popular equation to describe a growth phenomenon. For biologists, 
techniques or models to understand the dynamics of growing and shrinking populations of living organisms is vital. 
Among the early researchers is Thomas Malthus who first pointed out that populations grew exponentially (Malthus 
1798). This is true in some situation, e.g. in a relatively unlimited resources. However, in fact most populations grow 
up approaching an upperbound.  A model of  population growth that considers this upperbound, which later is called 
carrying capacity, is the logistic model of population growth which has been formulated by Pierre François Verhulst 
in 1838. It is a sigmoid curve that describes “the growth of a population as exponential followed by a decrease in 
growth, and bound by a carrying capacity due to environmental pressures” (Renshaw 1991). The logistic function  has 
the form  
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Where K is the carrying capacity or the maximum value of the curve, r is the the logistic growth rate or steepness of 
the curve, and X0 is the X value of the sigmoid's midpoint. Appendix 1 shows that the logistic growth function has an 
inflection point at (ti,xi) with  
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It is easy to prove that the function is initially increases with the curve concave up until the time ti, then afterwards 
concave down approaching the carrying capacity K forming a sigmoid curve. 
 
2.2 The Curve Fiting Approach 
There are many modifications available for the classical Verhulst logistic function in literatures. In general the 
modification process is done through a new formulation such as described in Meyer’s flowchat in Appendix 1. To be 
specific, here we give a flexibility for the equation to reach the inflection point by modifying equation (2) to the 
folowing form 
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This form gives an  inflection point slightly different to that in (2), (see also Appendix 2), i.e. 
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Time to inflection point is the same but the height of  the curve at inflection time is differen 
 
3. Results and Discussion 
We obtained pandemic data in Indonesia from the Worldometer website (Worldometer 2020). The data which are 
available from the website include total confirmed cases that we fitted to the classical Verhulst logistic function (1) 
and the modified logistic function (3). The results are presented in Tables 1 and 2, and Figures 4 and 5. 
 
Table 1 shows that the modified Verhulst / modified logistic model is better in terms of the RMSE. In the modified 
logistic model, K is no more representing the carrying capacity. The carrying capacity is given by Kα (Table 2). The 
growth of the modified logistic model is slower than the original logistic model (0.02761 < 0.0840880). However it 
can reach a higher maximum growth (353,785 < 160,068).  See also Figures 4.a and 5.a for comparison. In regards to 
daily new cases, the original logistic model does not fit to the actual data of COVID-19 in Indonesia (Figure 4.b). 
Meanwhile, the modified logistic model fits to most of the actual data of COVID-19 in Indonesia, except the later data 
(Figure 5.b). This suggests that we still need a further modification to the existing modified model. This is currently 
under investigation. 
 

 
Table 1. Resulting values of parameters 

Model Equation K r α RMSE 

Verhulst Logistic (1) 160,068 0.0840880 - 18,221 

Modified Verhulst Logistic (3) 301.195 0.02761 2.23844 2,761 

 
 
 

Table 2. Resulting prediction 
Model Max Total 

Confirmed 
Cases 

Inflection 
Time 

Total Conf. 
Cases at 

Inflection 

Peak 
New 

Cases 

Peak Time Total to 
Dec 2020 

Verhulst Logistic K =160,068 134,267 80,034 3,364 Day 135 160,067   

Modified Verhulst 
Logistic 

Kα = 353,785 181,401 176,893 2,442 Day 182 342,189 
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(a) (b) 

Figure 4. Total Coronavirus Cases (a) and Daily New Cases (b) in Indonesia pandemic data fitted by the logistic 
function. The data used to parameterize the equation are taken from the beginning of the disease to (2 March 2020) 

to 14 September 2020. The figures show that the logistic function fails to estimate the carrying capacity K. The 
model shows that at this date the disease should have already reached the carrying capacity K, which is in fact untrue 
(a). The inaccuracy becomes apparent when we plot the daily new cases which clearly depart form the observed data 

(b). 
 
 

 
(a) (b) 

Figure 5. Total Coronavirus Cases (a) and Daily New Cases (b) in Indonesia pandemic data fitted by the modified 
logistic equation. The data used to parameterize the equation are taken from the beginning of the disease to (2 March 

2020) to 14 September 2020. Figure 5.a shows that the modified logistic equation is able to estimate the carrying 
capacity Kα  and produces curve that satisfactorily fits the data (compared to that in Figure 4.a). However if we look 
at the result for the daily new cases, the model shows that at this date the disease should also have already reached 

the carrying capacity K, which is in fact untrue (b).  
  

 
 
4. Conclusion 
We modeled the pandemic data of Indonesia (the total/cumulative confirmed cases data) from the Worldometer 
website (Worldometer 2020) using two growth functions: the original logistic function and the modified logistic 
function. The results show that the logistic function fails to estimate the carrying capacity K of the total confirmed 
cases data. The model shows that, in terms of total confirmed cases pandemic data of Indonesia, at this date the disease 
should have already reached the carrying capacity K, which is in fact untrue. The inaccuracy becomes apparent when 
we plot the daily new cases which clearly depart form the observed data. Meanwhile, the results also show that the 
modified logistic equation is able to estimate the carrying capacity Kα of the total confirmed cases and produces curve 
that satisfactorily fits the data. However if we look at the result for the daily new cases, the model also shows that at 
this date the disease should have already reached the carrying capacity Kα, which is also untrue. This concludes that 
while the modified logistic model is able to mimic the total confirmed cases data, it still fails to fit the daily new cases 
data. Further refinement of the model still need to be done. This is currently under investigation. There is some reasons 
why the logistic growth model does not fit for COVID-19 data. One of them is when it is applied too early in which 
the disease still in the exponential growth phase, such as in the case of Indonesia COVID-19 data 
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(https://www.researchgate.net/post/Logistic_Growth_Model_Is_it_suitable_for_COVID-19). The process of the 
logistic model refinement above bearing a good pedagogical example in teaching mathematical modeling.  
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Appendix 
 

1. Flow Chart of Modeling Cycle According to 
Meyer (1984) 

2. Inflection point of the modified 
logistic model 
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