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Abstract
This article presents an optimization design of the X &EWMA chart for monitoring a cold rolling process
producing galvanized steel coils. Using real data from industry, the results show that the detection
effectiveness of the X &EWMA charts is better than the optimal X chart and the optimal EWMA chart
in terms of Expected Average Number of Observation required to identify an out-of-control case
(EANOS) by about 36% and 10%, respectively. The optimization design of the X &EWMA charts
ensures that extra inspection resources will not be necessary, and the false alarm rate of the charts will not
be increased.
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1. Introduction
Cold rolling is a metal forming process in which sheet metal or strip stock passes through rollers at a temperature
below its recrystallization temperature, and then compressed and squeezed to give it the desired shape/value (Figure
1). Cold rolling increases the yield strength and hardness of a metal by introducing defects into the metal’s crystal
structure. The aim of the rolling process is to reduce the thickness of a strip to the desired value with good
dimensional accuracy, surface finish, and excellent mechanical properties. During the cold rolling process, there are
uncertainties and external disturbances such as eccentricity arise, which usually appears on the strip periodically and
causes variation in the thickness of the strip (Koofigar et al. 2011, Haridy et al. 2011). Thus, an online monitoring
system is essential to identify the excessive variation in the thickness of the strip at the earlier stage, and Statistical
Process Control (SPC) charts can play an important role in this respect.
The SPC charts are popular choices in manufacturing and service industries for monitoring process variation
over time so that timely action can be taken to identify the root causes of the excessive variability, and as a result,
reducing the defective rate of the process. In recent years, many new charts and their applications have been
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proposed and studied by researchers in engineering, management, and statistics (Jarrett and Pan 2007, Messaoud et
al. 2008, Shu et al. 2008, Shamsuzzaman et al. 2009, Zhang et al. 2011, Haridy et al. 2017).
Amongst all, the Shewhart X (or X), and X & R (or X & S ) charts are used most widely in industries. Many
extensions to the Shewhart X and X & R charts have been proposed, and their applications have been explained. For
instance, Haridy et al. (2017) investigated the effect of sample size on the performance of X & R and X & S charts
and explained their applications in monitoring a cold rolling process. However, the Shewhart-type charts are
efficient in identifying large shift, but not very efficient in identifying smaller and moderate shifts. Two types of
control charts are primarily used to detect shifts of small and moderate sizes, namely, cumulative sum (CUSUM)
charts (Page 1954), and exponentially weighted moving average (EWMA) charts (Roberts 1959).
Nonetheless, the EWMA chart is a popular choice over the CUSUM chart, as the EWMA scheme is easier in
design and operation (Montgomery, 2013). Ou et al. (2014) presented an optimization design of the EWMA chart
for monitoring a cold rolling process. However, even though the EWMA chart is efficient in identifying small
changes in process shifts, it suffers from inertia problem in detecting large shifts (Yashchin 2018, Woodall and
Mahmoud 2005). In SPC, inertia refers to the resistance of a chart to signaling a particular process shift (Woodall
and Mahmoud 2005). Several authors suggested using a combined X &EWMA chart in order to avoid the inertia
problem (Capizzi 2003; Reynolds and Stoumbos 2006). Besides, the process shift (e.g., mean shift δ) is a random
variable, and in most of the practical applications, the actual sizes of the process shifts are usually unknown. In such
a case, researchers also recommend combining X chart and EWMA chart so that the charting scheme will perform
efficiently over a wide range of process shifts (Tolley and English, 2001; Simoes et al., 2010; Lin and Chou, 2011,
Shamsuzzaman et al. 2016).

Figure 1. Cold rolling process (reproduced from Haridy and Wu (2009))
The current study aims to design an X &EWMA chart for monitoring a cold rolling process, where the sample
size (n), sampling interval (h), weighting parameter (λ), and control limits of the charting scheme are all optimized.
According to Montgomery (2013), the values of weighting parameter λ are widely chosen within the interval (0.05 ≤
λ ≤ 0.25), with 0.05, 0.1, and 0.2 being the popular choices. Thus, in the current study, the optimal value of the
weighting parameter λ is searched in the interval of (0.05 ≤ λ ≤ 0.25) so that the inertia problem can be avoided, and
the charting scheme is more acceptable from a practical viewpoint. In designing the proposed X &EWMA charts, it
is assumed that the quality characteristic x is normally and independently distributed with known in-control mean µ0
and standard deviation σ0. When a mean shift occurs, the process mean µ will change accordingly, that is,
(1)
µ = µ 0 + δσ 0
where δ is the mean shift in terms of σ0. When the process is in control, δ = 0. In this study, the shift in the standard
deviation is not taken into consideration (i.e., σ ≡ σ0). For the sake of convenience, the design of the proposed
X &EWMA charts are carried out under the standard condition (μ0 = 0 and σ0 = 1).

2. Optimization design
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2.1 Specifications

The following three parameters are needed in designing the proposed X &EWMA charts:

τ minimum allowable in-control Average Time to Signal, ATS0
R maximum allowable inspection rate;
µδ mean of the mean shifts δ
The value of τ is decided according to the requirements on the false alarm rate and the detection power. The
inspection rate R is defined as the number of inspected units per unit time when the process is in control. Its value is
decided according to the available resources (operators and measuring instruments) and can be estimated from the
field test during the pilot runs. The value of μδ can be estimated from the historical data of the out-of-control cases
(Wu et al. 2004). Suppose the m sample values of mean shifts δ (denoted by d1, d2, ..., d m) are obtained from the
observations of m out-of-control cases during the operation of the control chart. Then, the value of μδ can be
calculated by,
m

µδ =

∑d
i =1

i

(2)

m

2.2 Optimization model

The statistics X i and Si to be plotted and updated for the X &EWMA charts.
Si = λ ⋅ X i + (1 − λ ) ⋅ Si −1

i = 1, 2,...,

(3)

where λ (0.05 ≤ λ ≤ 0.25) is the weighting parameter. The sample mean X i is the average of the measurements in
the ith sample. The value of S0 (i.e. at i = 0) is the process target (i.e. S0 = µ0). The X &EWMA combination will
produce an out-of-control signal if Si falls beyond the control limits of the EWMA chart and/or the current value of
the sample average X i exceeds the control limits of the X chart. The design algorithm of the X &EWMA charts is
formulated by the following optimization model:
Minimize: EANOS,
Subject to: ATS0 ≅ τ;
r≅R
Design variables: λ, n, h, H, UCL.

(4)
(5)
(6)

where, r is the actual (or resultant) inspection rate. The constraint on inspection rate r ensures that the use of the
optimization model will not need extra inspection resources (Shamsuzzaman and Wu 2012). For simplicity, the
focus of this article is on the studies of the combination of the X &EWMA chart for detecting increasing process
shifts in the mean. As a result, an upper-sided EWMA chart with an upper control limit (H) and an X chart with an
upper control limit (UCL) are combined. A symmetrical X &EWMA chart for detecting decreasing mean shifts can
be designed straightforwardly. Among the five design variables, λ, n, h, H and UCL, the parameters λ and n, are
independent design variables. The sampling interval h depends on n,
h = n / R.
(7)
Equation (7) ensures that the constraint on the inspection rate r (constraint (6)) is satisfied and the available
inspection resources are fully utilized. The control limits H and UCL are determined so that the resultant in-control
ATS0 of the X &EWMA combination is equal or very close to τ (constraint (5)). The objective function EANOS is
the Expected Average Number of Observations to Signal. It is the average number of items to be inspected by the
charting scheme to signal an out-of-control condition. The smaller the EANOS, the better is the performance of a
charting scheme. For a given value of mean shift δ, the objective function, EANOS can be estimated by (Saha et al.
2018),
∞

(8)

EANOS =
∫ n ⋅ ATS (δ ) / h ⋅ f (δ ) ⋅ dδ
0

where ATS(δ) is the out-of-control ATS for a given mean shift δ, and f(δ) is the probability density function of δ. The
random mean shift δ is assumed to follow a Rayleigh distribution (Wu et al. 2004). The probability density function
f(δ) in Equations (8) can be determined as follows,
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f (δ ) =

 πδ 2 
πδ

exp −
2
2 
2 µδ
 4 µδ 

(9)

which is characterized by a single parameter μδ. The integration in Equation (8) can be computed accurately by a
numerical method, such as the Legendre-Gauss Quadrature. The ATS(δ) of the X &EWMA chart is calculated by
Markov-chain approach.

2.3 Optimization process

The optimization design of X &EWMA charts is conducted through a three-level search as described below
(Shamsuzzaman et al. 2016). At the first level, the optimal value of n is searched from 1 with a step size of one (for
a given value of n, the sampling interval h is calculated by Equation (9)). It ensures the satisfaction of constraint
(6). At the second level, the optimal value of λ is searched in the range of (0 < λ < 1). At the third level, for a given
set of values of (n, h, λ), the optimal value of UCL is searched with a starting value of UCL X , which is the upper
control limit of an individual X chart that meets (ATS0 ≅ τ). Next, for a given set of values of (n, h, λ, UCL), the
value of H is determined that ensures the satisfaction of the constraint of (ATS0 ≅ τ) by the X &EWMA chart. At
the end of the entire three-level search, the optimal X &EWMA scheme that produces the minimum EANOS and
satisfies the constraints (ATS0 ≅ τ) and (r ≤ R), is identified. The corresponding optimal values of (n, h, λ, UCL, and
H) are also finalized. The design of the X &EWMA charts is conducted under standard condition (μ0 = 0, σ0 =
1.0.), the actual control limits using real values of μ0 and σ0 are calculated as follows:
H actual = µ0 + σ 0 ⋅ H
(10)
UCLactual = µ0 + σ 0 ⋅ UCL

3. Example
The case study in Haridy et al. (2017) has been adopted here in order to demonstrate the performance of the
proposed charting scheme. The case study focuses on the quality of galvanized coils produced by a metal forming
industry in Egypt. The galvanized cold rolled steel coils are obtained by passing the hot rolled coil (as a raw
material) through a sequence of processes. The thickness x of the galvanized coil is a critical dimension that has to
be monitored by an SPC chart for detecting a wide range of unknown shifts. The thickness x is specified as 1.50 ±
0.015 mm. When the process was in-control, the quality control (QC) engineer collected 25 samples of size 5 to
estimate the in-control process mean μ0 and in-control process standard deviation σ0 of the thickness x. The normal
probability plot of the data on x confirms that the data is well approximated by a normal distribution (p-value =
0.106) with μ0 = 1.52 and σ0 = 0.005343. The available resources allowed the QC engineer to use an inspection rate
of 10. Based on the historical record on out-of-control cases, the mean of the mean shifts µδ was calculated
(Equation (2)) and found to be 0.75. The minimum in-control ATS0, τ is set at 400 hours. The following three control
charts are designed, and their performances are compared.
(1) Optimal X chart (Haridy et al. 2017). The charting parameters, n, h, and UCL of the X chart are optimized
following the optimization process presented in this article.
(2) Optimal EWMA chart (Ou et al. 2014). The charting parameters, n, h, and H of the EWMA chart are optimized
following the optimization process presented in this article.
(3) Optimal X &EWMA charts. The charting parameters, n, h, λ, UCL, and H of the X &EWMA charts are all
optimized according to the optimization process presented in this article.
Based on the collected information on the design specifications (R = 10, µδ = 0.75, τ = 400), the above mentioned
three charts are designed, and their parameters and the performance indexes are listed below.
Optimal X chart:
n = 57, h = 5.7, UCLactual = 1.522, ATS0 = 400.0, EANOS = 58.4
Optimal EWMA chart:
n = 4, h = 0.4, λ = 0.05, Hactual = 1.521, ATS0 = 399.2, EANOS = 47.3
Optimal X &EWMA charts:
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n = 19, h = 1.90, λ = 0.135, UCLactual = 1.524, Hactual = 1.521, ATS0 = 397.1, EANOS = 43.0
Even though all three charting schemes required the same inspection resources (R) and their false alarm rates (ATS0)
are almost the same, the expected average number of observations, EANOS required to signal an out-of-control case
of the three schemes are quite different. The values of EANOS of the three charts indicate that the conventional
EWMA chart outperforms the conventional X chart. However, the optimal X &EWMA charts outperform the
conventional X chart and the conventional EWMA chart by about 36% and 10%, respectively. The combination of
the X chart and EWMA chart, and the optimization design makes the proposed X &EWMA charts more effective
from an overall viewpoint.

4. Conclusion
This article presents optimal X &EWMA charts, and explains the application of the proposed charts for monitoring a
cold rolling process producing steel coils. The application of SPC charts can help to take timely action to reduce the
number of defective items. The optimization design of the X &EWMA charts considers a wide range of mean shifts
in the cold rolling process, which is more realistic in practice. The effectiveness of the proposed scheme is
investigated through an example, which shows that the proposed optimal X &EWMA charts outperform (in terms of
EANOS) the conventional X chart and the conventional EWMA chart by about 36%, and 10%, respectively. In the
proposed design, the mean shift is characterized by a Rayleigh distribution. Future research could consider the
effectiveness of the charts under different shift distributions such as Beta distributions.
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