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Abstract 

Tuberculosis links up with HIV/AIDS at any stage of total infection period. Today HIV and TB are the leading 
causes of death due to infectious disease. We analyse HIV/AIDS and TB coinfection model in this paper. The 
HIV/AIDS and TB coinfection model is divided into two sub models like HIV sub model and TB sub model and the 
total population is divided into ten compartments. We investigate the basic reproduction number, disease free 
equilibrium point and the endemic equilibrium point of the model. The HIV only model is locally asymptotically 
stable in case of  disease free equilibrium when basic reproduction number is less than unity and locally 
asymptotically stable in case of endemic equilibrium when the basic reproduction number is greater than unity. The 
TB only model is locally asymptotically stable in case of disease free equilibrium when basic reproduction number 
is less than unity and locally asymptotically stable in case of endemic equilibrium when the basic reproduction 
number is greater than unity. The numerical simulations of this model show the behavior of dynamics of co-
infections of HIV and TB for different values of contract rate for which we can understand the prevalence of 
progression of individual to AIDS stage.    
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1. Introduction
Infectious diseases have threatening throughout the world day by day and these diseases have a great influence on 
the human population. Although the epidemiology itself has long history mathematical study of diseases and their 
spreading is at most just over three hundred years old. The past history referrers that plague, Nipah, swine flu, 
hepatitis B, HIV/AIDS, TB etc are most dangerous infectious diseases that cause a huge loss of human life 
(Constantinos and Russo 2013, Bekker and wood 2010 ). From its very beginning scientists have been trying to 
control these kinds of fatal diseases. After the manifestation of any infectious virus it starts to increase very fast 
sensibly or insensibly and people need the effective method to resist the outbreak of the disease or at least to control 
the number of infections (Bartlett 2007). Transmission diseases have ever been a great concern of human being from 
the very beginning of our history (Sharp and Beatrice 2011). Millions of people die annually from tuberculosis and 
HIV/ AIDS and billions of others are being infected. AIDS indeed is a terribly dangerous disease found almost 
everywhere in human society. But it has not affected all the societies equally throughout the world. People having 
AIDS are always under the threat of death and the very disease is caused by the Human Immunodeficiency Virus 
usually known as HIV (WHO Report 2016). HIV is a kind of virus which makes the human body almost incapable 
of fighting any kind of infections. HIV virus causes gradual destruction of immune system of human body by 
reflecting a decrease of CD4+T cell counts (WHO Report 2016, Hethcote 200). Significant immune destruction 
helps opportunistic processes develop and thereby infections start taking place in the body. Our human body heavily 
depends on the immune system to fight infections, the same way it depends on the digestive system to digest food 
(Palmisano and Vella 2011, Hussaini 2010). The immune system also prevents some types of infections from taking 
place in the body. If the immune system is totally destroyed then a person will have to die even from a simple 
infection like cold or flu (Sharp and Beatrice 2011, Biswas 2012).  
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Tuberculosis more commonly known as TB is a bacterial infectious disease which can co-infect with HIV whether 
TB can be latent (inactive) or active (Feng et. al. 2000, Sahani et al. 2017). Close to one third of the world’s 
population has dormant or latent TB. People living with TB gradually loss the immune system and as a result it 
causes a great health hazard (David 2015). A complex interaction exists between tuberculosis (TB) and human 
immunodeficiency virus (Daniel 2006). The HIV and TB coinfection can spread out at an individual and community 
level. Human immunodeficiency virus (HIV) and Tuberculosis (TB) jointly become the serious global mass health 
challenge (Sharma et al. 2005). The incarnation of AIDS make the relation between HIV and TB. The co-infection 
of HIV and TB exist when individual are HIV positive and are either exposed or active to TB (Zumla et al. 2000). 
Getting infected with TB bacteria is not automatic for HIV infected individuals. Similarly individuals infected with 
TB do not automatically get HIV stage unless in contract with HIV positive individuals (Mahmud 2010). Till today 
the world's most serious epidemic as well as leading infectious killer disease is AIDS/HIV and TB, the ultimate 
destiny of which is the early death of the infected patient (Biswas 2014, Roeger et al. 2009).  
Using mathematical modeling we analyze the epidemiological model to describe the epidemiology of these 
infectious diseases though is not easy enough.  The models having deterministic character are widely used although 
new models were created taking into consideration various factors like migration, vaccination and its gradual loss, 
chemotherapy, quarantine, passive immunity, genetic heterogeneity, non-uniformly distribution of population, etc 
(Zaman et al. 2007). Mathematical model can identify how infectious diseases progress to show the likely outcome 
of an epidemic and help to inform the general public (Bowong and Tewa 2010). Model contains some basic 
assumptions with useful parameters for various infectious diseases and by using those parameters the effects of 
possible interventions like mass vaccination program can be calculated. Mathematical model and computer 
simulation are useful experimental tools for building and testing theories, assessing quantitative analysis, answering 
specific questions to change in parameter values and estimating key parameters from data. Epidemiological model 
can contribute to the design and analysis of epidemiological surveys, suggest crucial data that should be collected, 
identify trends, make general forecasts and estimate the uncertainty in forecasts (Feng et al.2000). In 2009, Bhunu et 
al. proposed a mathematical modelling of HIV/AIDS and tuberculosis co-infection in case of Zimbabwe (Bhunu et 
al. 2009). In 2014, Biswas et al. investigate a SEIR model for control of infectious diseases with constraints (Biswas 
2014). Motivated by these two scholarly articles, we are heading to analyze a mathematical model of TB in 
perspective of Bangladesh. In this paper, we have proposed a dynamical co-infection model for the transmission of 
endemic HIV/AIDS and tuberculosis diseases. Ten compartmental stages are considered in the form of SEIR-type to 
understand their interaction and behavior simultaneously. We have analyzed the model mathematically and shown 
the dynamic behavior with the help of numerical analysis. A possible transmission Diagram of TB virus is shown in 
Figure 1. The model is formulated according to their biological features and transmission behavior. The positivity of 
the model, stability, instability, disease free equilibrium and endemic equilibrium are tested for this article. We 
perform the numerical calculation of this model by using ODE45solver in MATHLAB programming language. 
Finally, we hope that this work will create public awareness and knowledge of TB transmission that can play a vital 
role to reduce HIV/AIDS and TB prevalence in our society. 
 
2. Formulation of the Model 
The entire population model is divided into ten compartments that are Susceptible individuals ( ) ,S  Laten TB with 

no HIV ( ) ,TL  Exposed to TB only ( )0 ,TE Symptom of TB ( ) ,TS  Infected with HIV only ( ) ,HI  Those who have 

recover with temporal immunity ( ) ,TR  HIV infected individuals (pre-AIDS) exposed to TB ( )THE , HIV infected 

displaying HIDS symptoms ( ) ,SH  AIDS individuals exposed to TB ( )HTE and AIDS individuals dually with TB 

( )DTH . We assume that susceptible individuals are recruited into the population at per capita rate A . Individuals in 
the class HTE  die due to either AIDS or TB and AIDS at the same rate 2d  and assume it is difficult to identify the 
cause of deaths in this class. Susceptible individuals acquire HIV infection following contact with HIV infected 
individuals at a rate 1λ  and acquire TB infection following contract with an Infectious individual at a rate 2λ . It is 
assumed that in different subgroups all individuals suffer from natural death at a constant rate µ . Individuals who 
suffer from TB may naturally recover and enter the recovery class at a constant rate 1r . We assume that  1κ κ≥  
since it is easier to be TB infectious when one is co-infected with HIV. The force of infection associated with HIV 
infection is given by 

( )1 1 3 2 4/ [( ) ( ( ))] 1H TH T S DT THN I E L H H Eλ β η η η= + + + + +
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Here 1β  is the effective contract rate of HIV infection. Similarly the force of infection associated with HIV infection 
is given by ( ) ( )2 2 / 2T T DTc S L H Nλ β= + +

 In ( )2  the probability that one individual being infected with one infectious individual and c is per capita contact 
rate. Individuals infected with HIV only (with no symptoms) are generated following infection at rate 1λ . The 
transmission diagram of the model (4) is shown in the Figure 1. 

 
Figure 1: Model Diagram of various compartments of TB and HIV 

 
The total population size ( )N t  at time t  is given by  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 (3)T H S TH HT DT T T TN t S t L t I t H t E t E t H t E t S t R= + + + + + + + + +  
On the basis of the above assumptions the following differential equations describe the HIV and TB co-infection 
model. 
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The initial conditions of this model are
 ( ) ( ) ( ) ( ) ( )

0 0 000 S 0, 0 0, I 0 0, 0 0, 0 0,T T H H S S TH THS L L I H H E E= ≥ = ≥ = ≥ = ≥ = ≥
 ( ) ( ) ( ) ( ) ( )

0 0 0 0 00 00 S 0, 0 0, 0 0, 0 0, 0 0.T T T T DT DT T T HT HTS R R H H E E E E= ≥ = ≥ = ≥ = ≥ = ≥  
This condition is based on the consideration of biological perspective for the above system and the system is 
described in the region as ( ) ( ){ }10

0, , , , , , , , , : / .
TT H S TH HT D T T TS L I H E E H E S R N t A µ+∆ = ∈ ≤¡

 Lemma 1: The region 10
+¡  is positive everywhere for model system 4  for all 0t ≥  i.e. there is no negative value 

for the state variables. 
Lemma 2:  All the solutions starting in ∆  approach enter or stay in ∆  for all times. 

3. HIV Sub Model 
The HIV/AIDS sub- model is obtained from ( )4 by setting 0 0TH HT T DT T T TE E L H E S R= = = = = = =  

( ) ( ) ( )1 211 1, , 5H H S SH HHS A S S I H d HS I Iλ µ µλ ρ µ ρ= − − += − + = −& & &  

Where ( ) ( )1 1 3 / 6H H SI H Nλ β η= +

 

The disease free equilibrium point of the system ( )5  is ( )/ ,0,0A η   
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3.1 The Basic Reproduction Number, Endemic Equilibrium and Their Stability Analysis 
The reproduction number of HIV sub model is determined by taking positive individuals. We have infection matrix 

1

0
H S

F
λ 

=  
 

 and 
( )

( )
1

2 1

H

S H

I
v

d H I
ρ µ

µ ρ
 + 

=  + − 
 

Thus the spatial radius that is the reproduction number of HIV sub model is 
( )

( )( ) ( )1 2 3 1
1

1 2

7
d

R
d

β µ η ρ
ρ µ µ

+ +
=

+ +
  

Theorem 1: The disease free equilibrium point (DFE) of the HIV sub model is locally asymptotically stable if  
1 1R <  and unstable if 1 1R > . 

Proof: At the disease free equilibrium point DFE the Jacobian matrix becomes after setting an ( )3 3×  identity 
matrix. 

( )
( )

1 1 3

1 1 1 3

1 2

0 0
0 d

µ λ β βη
β ρ µ λ βη

ρ µ λ

− − −
− + − =

− + −
 

Now by factoring out from the above system we get ( )1 2dλ µ=− + . Again by reducing the above equation we have 

the eigenvalues are 2λ µ=− and ( )3 1 1λ β ρ µ= − + . We can write  ( )3 1 1λ β ρ µ= − +  in terms of 1R  as 

( )( )( )3 1 1 2 3 11 .R dλ µ ρ µ η ρ= − + + + The eigenvalue 3λ  is negative or has negative real part when  1 1 0R − <  of 
when 11 0R− > . Hence when 1 1R < . Since 1 2,λ λ  and 3λ  are all negative or have negative real parts when 1 1R < , 
we can say that disease free equilibrium point is locally asymptotically stable when 1 1R < . Since all the Eigen values 
are negative the equilibrium point is stable. This holds the Theorem 1.  
Now solve the equation ( )5  in terms of the force of infection ( )1 1 3 /H H SI H Nλ β η∗ ∗ ∗ ∗= + . We have 

( ) ( ) ( ) ( )1 1 1 1 2/ , / , / 8H H H S HS A I S H I dλ µ λ ρ µ ρ µ∗ ∗ ∗ ∗ ∗ ∗ ∗= + = + = +

 

The endemic equilibrium is given by ( ), ,H H SE S I H∗ ∗ ∗ ∗=  , where ( )1 3 /H H H SI H Nλ β η∗ ∗ ∗ ∗= +  

From the equation (7) we have, 1 11 HR λ∗− = Φ  , Where ( ) ( )( )2 1 3 1 2/d dµ ρη µ ρ µΦ = + + + +  
Now we get the endemic equilibrium point in terms of 1R  is  

( ) ( ) ( ) ( ) ( )( ) ( )1 1 1 1 1 1 2/ 1 , 1 / , 1 / 9H SS A R I S R H S R dµ µ ρ ρ µ ρ µ∗ ∗ ∗ ∗ ∗= Φ Φ + − = − Φ + = − Φ + +    
Theorem 2: The endemic equilibrium point of the HIV sub model is locally asymptotically stable if 1 1.R >  

Proof: When ( ) / 0HdI t dt >  and ( ) / 0SdH t dt >  then the disease is endemic. Then we have  

( ) ( ) ( )1 3 1/ 10H H SI S I H Nβ η ρ µ< + +

 

Now applying the condition that1 /S N≥  and we get from the equation ( )10  with the help of ( )9  1H HI R I<  i.e. 

1 1R > . Hence the endemic equilibrium is asymptotically stable when 1 1R > . This completes the proof.  
 
4. TB Sub Model 
We get the TB sub-model when, 0

HT HT DT H SE E H I H= = = = =  

( ) ( )
( ) ( ) ( )

( )0

0

1 1 1 0 1 3 1 1

1 3 1 2 1 1 1 2 1

, ,
11

,
T T T T T T T T T

T T T T T T T T T

S A S S L S v L E v L R k E

S k E p R r d S R r S r R

λ µ λ η λ ψ λ µ

ψ λ µ λ µ

′ ′ ′= − − = − + = + − + + 
′ ′= + + − + + = − + + 

 

Where ( )1 2 /T T Tc L S Nλ β= + and the diseases free equilibrium point of the model system (11) is DFE  

( )/ ,0,0,0,0A µ=  
4.1 Basic Reproduction Number, Endemic equilibrium and their stability 
The basic reproduction 2R is the number of TB infections which is produced by a single infectious TB case. The 

Jacobian matrix of  F  evaluated at the disease free equilibrium point  ( )/ ,0,0,0,0A η  is given by 
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2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

F

β 
 
 =
 
 
 

 and 

( )1

1 1

1 1 1 2

1 2

0 0 0
0 0

0
0 0

v
v k

v
k r d p

r r

µ
µ

µ
µ

+ 
 − + =  + + −
  − + 

 

Now we construct the next generation matrix and introduced the ( )4 4×  identity matrix. By factoring out we have 
the maximum value of the all eigenvalues as the basic reproduction number.  

( ) ( )2 2 1/ 12R vβ µ= +  

Now solve the equation ( )11  in terms of the force infection ( )1 2 /T T TL S Nλ β∗ ∗ ∗ ∗= +  and we get the endemic 

equilibrium ( )0, , , ,T T T T TE S L E S R∗ ∗ ∗ ∗ ∗ ∗= where 
 

( ) ( ) ( ) ( )( )( ) ( )1 1 1 2 0 2 3 1 1 1 3/ , / , / , /T T T T T T T TS A L v S v R S r S E r v Lλ µ µ µ λ µ λ ψ λ µ κ ψ µ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗= + = + = + + = + + + + − +

( ) ( ) ( ) ( )( )( ) ( )0 1 1 1 3 1 1 3 1 1 1 3 1 1 1 1 2 2 1 1 3 1 1/ /T T T T T T T TE v L r r r d r p r v Lλ ψ λ κ ψ λ µ κ λ ψ λ κ µ µ λ ψ λ µ κ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗= + + + − + + + + + − + + +

Theorem 3: The disease free equilibrium of TB sub model is locally asymptotically stable if  2 1R <  and unstable if

2 1R > . 
Proof: At the disease free equilibrium point (DFE) the Jacobian matrix becomes after setting a ( )5 5×  identity 
matrix. 

( )
( )

( )
( )

1

21 1

1 1 21

1 2

0 00 0
0 00 0

0 00
0 0
0 0 0

v
v k

r d pk
r r

µ λ
µ λ

βµ λ
µ λ

µ λ

− −
− + −

=− + −
− + + −

− + −

 

By factoring out thrice we have 1 2,λ λ and 3λ . The reduced matrix is in terms of 2R  as 

( ) ( )( )( ) ( )2
1 1 2 1 1 2 12 1 0 13v R vλ µ κ λ µ µ κ β κ+ + + + − + + − =

 
The eigenvalues 4λ  and 5λ  of the equation ( )14  are negative or have negative real parts when 20 1 R< − or 2 1R < .  
Hence 1 2 3 4, , ,λ λ λ λ  and 5λ  are all negative or have negative real parts when 2 1R < . So disease free equilibrium  
point is locally asymptotically stable when 2 1R < . This holds the proof.  
5.  HIV/AIDS and TB Co-infection Model 
5.1 Disease free equilibrium of the Full Model  
Disease free equilibrium point is a point where there is no disease in the whole model. This point is known as steady 
state solution. If there is no disease in the population then the non-negative population values are 
 0 0T H S TH HT DT T T TL I H E E H E S R= = = = = = = = =  
Hence from 4 we have the disease free equilibrium point (DFE) for the whole model is  

( )0 / ,0,0,0,0,0,0,0,0,0E A µ=  
5.2 Reproduction Number Endemic Equilibrium Point and their stability 
From the next generation matrix we introduced the ( )10 10×  identity matrix we have the maximum value of the all 

eigenvalues as the basic reproduction number. The dominant eigenvalues of 1.F V − is the spectral of the matrix 
1.F V −  and the basic reproduction number for TB and HIV/AIDS is ( ) { }1

0 1 2. max ,R F V R Rρ −= = where, 

( ) ( )( )( ) ( )1 1 2 3 1 1 2 1 2 2 1/ , / (14)R d d R vβ µ η ρ ρ µ µ ρ β µ= + + + + + = +  
And these correspond to the reproduction number for HIV sub model and TB sub model respectively. 
Theorem 4: The disease free equilibrium point of the HIV/AIDS and TB co-infection full model is locally 
asymptotically stable if 0 1R <  and unstable if 0 1R > . 
Proof: From the Jacobian matrix of the whole model at the disease free equilibrium point after introducing a 
( )10 10× matrix, we have 1 0λ µ= − <  and ( )2 2 0rλ µ= − + <  and after reducing the matrix we have 
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( )3 1 0vλ µ= − + < , ( ) ( )4 1 1 5 10, 0,d r kλ µ λ µ= − + + < = − + <  and ( )6 4 0kλ µ= − + < .  
Hence either  

( )( ) ( )( ) ( )1 2 1 1 3 0 14dµ ρ λ µ λ β ρη− + − − + − − =
 

Or ( )( ) ( )( ) ( )2 5 1 2 2 5 0 15d d dµ κ λ µ λ β κ− + + − − + +∈ − − =
 

Equation (14) can be written in terms of 1R  as  

( ) ( )( )( ) ( )( )( )2
1 2 2 3 1 1 1 21 0d d R dλ λ µ ρ µ µ η ρ µ ρ µ+ + + + + + + − + + =  

The eigenvalues of the equation are negative or have negative real parts when 11 0R− > that is 1 1R < .  
Equation (15) can be written in terms of 2R  as  

( ) ( )( ) ( ) ( )2
2 5 1 2 2 5 11 0d d d R vλ µ κ µ λ κ µ+ + + + + +∈ + − + =

 
The eigenvalues of the equation are negative or have negative real parts when 21 0R− > that is 2 1R < .  Since 

{ }0 1 2max ,R R R= we can say that disease free equilibrium point is locally asymptotically stable when 0 1R < . This 
completes the proof.   

( ) ( ) ( ) ( ) ( )( ) )(1 1 1 1 1 1 1 2Case A: / 1 ,0, 1 / , 1 / ,0,0,0,0,0,0Z A R S R S R dµ µ ρ ρ µ ρ µ∗ ∗= Φ Φ + − − Φ + − Φ + +

 The equilibrium for HIV where there is no TB that is TB free equilibrium point. When 1 1R >  Then this exist. Case

( ) ( )( ( ) ( )( )
( )( ) ( )( )( ) ( ) ( ))

2 1 1 1 1 1 1 3 1 1 1 3 1 1 3 1 1

1 1 2 1 0 2 3 1 1 1 3 1 1 2

Case B: / , / ,0,0,0,0,0, /

, / , /

T T T T T T

T T T T T

Z A v S v v L r r

r d p r E r v L S r

λ µ µ λ ψ λ κ λ ψ λ µ κ ψ λ κ

µ µ λ ψ λ µ κ ψ λ µ κ µ λ

∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗

= + + + − + + +

+ + − + + + + − + + + +
 

 
The equilibrium for TB where there is no HIV that is HIV free equilibrium point. When 2 1R >  then this exists.  

( )3 0Case C: , , , , , , , , , .T H S TH HT DT T T TZ S L I H E E H E S R=  When each component of 3Z is positive then the euilibria 
of the full model exist. 
 
6. Numerical Simulations  
The initial values for the ten compartments and the parameters values with the help of MATLAB programming. 
Language the numerical solutions of the model ( )4 is performed. All the initial values and the parameters values are 
secondary data. For the different values of 1β  and 2β the graphs of the model system are discussed. In the table 1 we 
present the values of parameters.  

 
   
Figure 2: The graph for the HIV model of Susceptible ( )S , Infected with HIV only ( )HI  and HIV infected displaying AIDS 

symptom ( )SH  where time taken as years and 10.01, 0.2,µ ρ= = 2 0.333,d =  3 1.02η =  and 1 0.075β = . 

Figure 2 is the graphical representation of the prevalence of HIV model. Graphs indicate the behavior of individuals 

of various stages of HIV infection. The Figure 2 (a) shows that susceptible population decrease to a great extant 
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after 40 -50 years in a 100 years’ time scale. In case of birth and treatment the susceptible stage heads to a stable 

position from where the stage stays constant. The Figure 2 (b) shows the behavior of population infected with HIV 

only the continuously decrease when it reaches at asymptotical stage. This stage takes less time to stable than 

susceptible in the HIV only model. The Figure 2 (c) shows the behavior of HIV infected individuals with AIDS 

symptom. From the figures we see that it increases for first 8-10 years and then decreases until it goes to a stable 

state. The last two graphs show that when t →∞ they goes about to zero. A large timescale allows the prevalence of 

HIV throughout centuries.  

 
 

  

Figure 3: The graph for HIV sub model of Susceptible ( )S , Infected with HIV only  ( )HI  and HIV infected displaying AIDS 

symptom ( )SH  where time taken as years and 10.01, 0.2,µ ρ= = 2 0.333,d =  3 1.02η =  and 1 0.95β = . 

The Figure 3 (a) shows that if we gradually increase the value of 1β  susceptible individuals go to stable label faster 
than the small value of 1β . The Figure 3 (b) shows a great impact for the HIV infected individuals for the changing 
value of 1β . For the small value of the HIV contact rate the HIV infected compartment decreases continuously but 
for the greater value of 1β  it increases at first and then starts to decreases swiftly. The stable time scale of the 
susceptible and the HIV infected individuals are vice versa. Figure 3 (c) shows the same graphical feature for the 
different values of 1β  but if we increase the value of 1β  the HIV infected individuals showing AIDS symptom take 
less time to increase and then decrease. The time period of reaching stable situation is clearly decreased due to 
increase of 1β . 

  
Figure 4: Graphs of HIV prevalence where 1 0.95β =  and 1R >  for the first plot and 1 0.075β =  , 1R <  for the 
second plot and all other parameters values are same as in Figure 3.  
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The first graph of Figure 4 represents the stability analysis of the HIV sub model of the endemic equilibrium where
1 0.95β = . Since for t →∞ the state variable converge to equilibrium and it happens numerically for 1 1R > . Hence 

the endemic equilibrium exists. The second graph of Figure 4 represents the stability analysis of the disease free 
equilibrium at 1 0.075β =  for 1 1R <  . Numerically it is shown that when t →∞ then all other disease except the 
susceptible die out. So HIV cannot persist if 1 1R <  and for the lower value of 1β . It shows that the increase of the 
value of 1R  accelerates the prevalence of HIV.  
 

 
 

Figure 5: The impact of the TB sub model for 10 years where 2 0.6β = and 2 6.0β = . All other parameter’s values 
are as same as the Figure 4. 
 
Figure 5 shows the impact and effect of the TB sub model for different values of 2β  over a 10 years’ time period. 
We see that the decrease of susceptible individuals leads the 0TE  individuals faster than any other compartment in 
the TB sub model. From the first graph of Figure 5 it is clear that for the larger value of 2β the 0TE compartment 
increase more swiftly than the small value of 2β . The TS compartment takes more time to be stable for the lower 
value of effective contact rate. For the larger value of 2β the latent TB class reach sable state within very short time 
and therefore increase in 0TE . Figures show the variation of recovery with temporal immunity for the variation of 2β
if we increase the value of 2β then the recovery with temporal immunity decrease and vice versa.  
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Figure 6: Graph of the coinfection model with 1 0.075β =  and 2 0.35β = . Graph showing (a) the Susceptible S , (b) Laten TB

TL , (c) Infected with HIV only HI , (d) HIV infected displaying AIDS symptom SH , (e) HIV infected individuals exposed to TB 

THE , (f) AIDS individuals exposed to TB HTE , (g) AIDS individuals dually infected with TB DTH , (h) Exposed to TB only 

0TE , (i) Symptom of TB TS and (j) Recovery with temporal immunity TR . 
Figure 6 shows the behavior of infected individuals at various stages of HIV/AIDS and TB co-infection for 5 years. 
Graphs represent the prevalence of HIV, TB and their co-infection for different values of 1β  and 2β . Figure 6(a) 
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shows that the great number of population reduce from susceptible individuals for the prevalence of HIV and TB. 
Figure 6(b) shows that effect of the reduction of susceptible individuals directly hit upon TL and leads to the increase 
of latent TB. Figure 6(c) shows that HI compartment increase over the time. Figure 6(d) shows the behavior of HIV 
infected individuals showing AIDS symptom slightly increase but after 1-2 years it shows the symptoms very fast in 
5 years time scale.  Figure 6(e) shows the HIV infected individuals exposed to TB that means it is a co-infection 
compartment and it takes 5 or more years to get stable position for our model. Figure 6(f) shows the behavior of 
AIDS infected individuals exposed to TB that goes dramatically asymptotical low level. Figure 6(g) describes the 
interaction of the AIDS individuals dually infected with TB. The individuals of this stage might be the combination 
of AIDS and TB in which the number of individuals dually sick from AIDS and TB to asymptotically low levels. 
Figure 6(h) shows the behavior of the people who are exposed to TB only which reaches asymptotically level state 
faster than any other stages of the model. Figure 6(i) shows the behavior of the individuals with symptom of TB 
only and reaches asymptotically level where it is more or less constant. Figure 6(j) shows that the people who are 
recovered from TB but not dually infected with HIV. At first recovered compartment goes to high and then starts to 
decrease due to the HIV infected individuals. 
 

Table 1: Descriptions of parameters and their values (David 2015, Bhunu et al. 2009, Samad and Biswas 2018) 
 
Parameters  Descriptions Values Parameters Descriptions Values 
A Recruitment rate of 

Susceptible Individuals 
0.029 

1η  Modification Parameter 1.2 

C Contact Rate 3 
2η  Modification Parameter 1.05 

1c  Number of Contacts for 
Active TB Class 

100 
3η  Modification Parameter 1.02 

2c  Number of Contract 
having only HIV and no 
TB 

2.00 
4η  Modification Parameter 1.1 

3c  Number of Contract 
having  HIV and TB 

0.50 δ  Modification Parameter 1.03 

1d  Death Rate Related to TB 0.1 ∈  Modification Parameter 1.2 

2d   Death Rate Related to 
AIDS 

0.333 1κ  TB Propagation Rate 
Infected with 
AIDS 

0.000113 

1β  Contact Rate for HIV 0.074[0.011-
0.95] 2κ  Rate of Propagation 

from HIV to TB Class 
0.0001 

2β  Contact Rate of TB 0.35[0.1-0.6] 
3κ  Rate of HIV Positive 

from TB Progress to 
AIDS 

0.25 

1r  Natural Recovery Rate  0.2 
4κ  HIV Infected Rate with 

Mtb Progress to AIDS 
0.102 

2r  Relapsing Rate for the 
Individuals with Symptom 
of TB 

0.00001 
5κ   AIDS Cases Infected  

Rate  with Mtb 
Progress 

0.0002 

1ψ  Modification Parameter 1.07 
1v  Rate of Propagation 

from Laten TB Class to 
Active Class 

0.009 

2ψ  Modification Parameter 1.101 µ   Natural Mortality Rate 0.01 

3ψ  Modification Parameter 0.71    

 
Conclusions 
The ultimate result of this study shows that the dynamic behavior of co-infected people mostly depends on force of 
infection.  In this study we use a nonlinear system whose validity is proved by positivity test and numerical 
simulations. We denote the population of susceptible by S , the population of Laten TB by TL , the population of 
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HIV only by HI , the population of  HIV infected displaying AIDS symptom by SH , the population of HIV infected 
individuals exposed to TB by THE , the population of AIDS individuals exposed to TB by HTE , the population of 
AIDS  individuals dually infected with TB by DTH , the population of Exposed to TB only by 0TE , the population 
of Symptom of TB by TS and the population of Recovery with temporal immunity by TR . TB can be associated at 
any stages of HIV/AIDS. The HIV only model is locally asymptotically stable disease free equilibrium when 1 1R <
and locally asymptotically stable endemic equilibrium when 1 1R > . The TB only model is locally asymptotically 
stable disease free equilibrium when 2 1R < and locally asymptotically stable endemic equilibrium when 2 1R > . The 
full model is globally asymptotically stable disease free equilibrium when 0 1R < and locally asymptotically stable 
endemic equilibrium when 0 1R > . In this study we use 1β  and 2β  as variable and we show in the Figure ) that the 
change of these variable can affect the basic reproduction number. Numerical simulations show that the HIV only 
model becomes more dynamic for the increasing number of 1β . The basic reproduction number of the full model that 
is assumed in the analytical calculation is clearly 1R . The Figures 2 and 3 suggest that the scenario of HIV only 
model accelerates for the larger value of 1β . The data that we use in the qualitative analysis is not for a particular 
community and it declares the numerical simulation purely hypothetic. From this study we also conclude that if the 
individuals have lower infection rate the better scenarios are in a community for HIV /AIDS, TB and HIV-TB co-
infection. 
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