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Abstract 

The paper considers a closed-loop supply chain with one supplier, one manufacturer and two retailers, in 
which the customer demand is assumed to be price-sensitive. We induce retail price in the demand 
through an auto-regressive moving average (ARMA) pricing process, and characterize the customer 
demand by an auto-regressive non-standard ARMA(1,1) process. We use an order-up-to (OUT) inventory 
policy with minimum mean square error (MMSE) forecasting scheme and measure the bullwhip effect at 
each echelon of the closed-loop supply chain. With the help of numerical simulation, we recognize that 
the bullwhip effect or the anti-bullwhip effect may occur depending on critical values of parameters of the 
underlying demand process. We observe that the bullwhip effect at the manufacturer is affected by 
retailer’s market share. Moreover, a remanufacturing process in the reverse channel and a steady pricing 
mechanism for the product can significantly reduce the bullwhip effect at different stages of the closed-
loop supply chain. 
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1. Introduction

Due to growing focus on environment protection, many companies now-a-days have turned their attention towards 
accommodating end-of-life products for product recovery, recycling or remanufacturing. The reverse flow of 
product in the so called closed-loop supply chain is not only emerged as a crucial approach to protect environment 
but also to get significant economic benefits. That’s why big companies all over the world are establishing 
remanufacturing units today in parallel to manufacturing units to follow government regulations on waste product 
and carbon emission reduction in order to protect environment and earn considerable benefits.   

A common experience of many supply chain managers is that a small error in the demand forecast in the 
downstream may cause a substantial variation of the order quantity at the upstream supplier, which is commonly 
known as bullwhip effect. In the last decade, bullwhip effect in supply chain with a pure downstream flow of 
materials has become a research hotspot to many researchers. However, a reverse logistics in any supply chain may 
impact the bullwhip effect especially at the manufacturing stage. The primary objective of this study is to measure 
the bullwhip effect at different echelons of a closed-loop supply chain when the market demand follows a non-
standard stochastic process. In most of the studies on the bullwhip effect literature, an Auto-Regressive AR(1) 
demand model is considered. However, the true behavior of the actual demand in reality cannot be described with 
the AR(1) demand process. Instead, an Auto Regressive Moving Average ARMA(1,1) process would reflect more 
appropriate behavior of the customer demand in reality. As price is an important driver of the customer demand in 
the market, in this study, we induce price in the demand through an auto regressive moving average process. As a 
result, the customer demand becomes a non-standard ARMA (1,1) process. Our proposed closed-loop supply chain 
consists of two retailers, one manufacturer having two units – one remanufacturing unit and one manufacturing 
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units, one raw material supplier and one third party collector. The used products are collected and supplied to the 
manufacturer by the third party for remanufacturing. 
 
We organize the paper as follows: The following section deals with a brief literature review on bullwhip effect. 
Sections 3 and 4 present the basic assumptions and the proposed demand model, respectively. Section 5 measures 
the bullwhip effect at each echelon of the closed-loop supply chain. Numerical results are illustrated in Section 6. 
Finally, Section 7 summarizes the paper and suggests future scopes of research. 
 
 
2. Literature Review 
 
In the literature, several studies have been conducted to measure the bullwhip effect in supply chain. Major causes 
of bullwhip effect, namely, demand forecasting, lead times, batch ordering, supply shortages and price fluctuation 
were identified by Lee et al. (1997) in their study.  Chen et al. (2000) measured bullwhip effect using exponential 
smoothing method for demand forecasting. Minimum Mean Square Error (MMSE) method was introduced by 
Alwan et al. (2003) to investigate the bullwhip effect. In a three-echelon supply chain, Hosoda and Disney (2006)  
used  order-up-to (OUT) inventory policy with MMSE forecasting technique to measure the bullwhip effect at each 
echelon of a three-layer supply chain. Assuming that the customer demand follows an AR(1) demand process, 
Agrawal et al. (2009) studied a two-echelon supply chain to investigate the impact of information sharing on the 
bullwhip effect. AR(1) demand process is the simplest and most popular demand process which was first introduced 
by Lee et al. (1997). Later on, Greaves (1999) introduced a more general demand process namely auto regressive 
moving average (ARMA) demand process in a two-echelon supply chain. This demand model has been studied 
extensively by many researchers (Feng and Ma, 2008; Pati, 2014 and others). Zhang and Burke (2011) and Ma et al. 
(2013) considered AR(1) pricing process to investigate the bullwhip effect in inventory system with price-sensitive 
demand. In a similar attempt, Ma et al. (2015) studied the bullwhip effect of two parallel supply chains in which 
customer demand at each retailer in dependent on price and the retail price of the other supply chain where each 
price follows an AR(1) demand process. 
 
All the above mentioned works were carried out on purely downstream supply chains. Pati et al. (2010) investigated 
bullwhip effect in a closed-loop supply chain which consists of six-echelon structure – three echelons for forward 
supply chain and three echelons for reverse supply chain. However, they assumed a purely recycling process i.e. the 
customer demand is met up completely from the recycled products, and demand at the first echelon follows an 
AR(1) process. Later, Pati (2014) developed another model on the same framework with ARMA(1,1) demand 
process. In this study, we consider a hybrid manufacturing-remanufacturing supply chain system with two retailers 
facing price-sensitive demand, where price is induced in the demand through an ARMA(1,1) pricing process. As a 
result, the customer demand becomes an auto regressive process but non-standard ARMA(1,1) process. The 
objective of this study is to investigate how this non-standard ARMA(1,1) demand process impacts the bullwhip 
effect and anti-bullwhip effect, if any, at each echelon of the proposed closed-loop supply chain. 
 
 
3. Assumptions  
 
The following assumptions are made to develop the proposed closed-loop supply chain model: 
(1) We consider a closed-loop supply chain which consists of a supplier, a manufacturer, two retailers and a third 

party collector. The manufacturer has two production units – manufacturing unit and remanufacturing unit. The 
manufacturing unit is dedicated to producing finished goods from virgin raw materials whereas the 
remanufacturing unit produces remanufactured items from used items. The supply chain deals with one kind of 
product. 

(2) The return of used items from consumers is made through the reverse channel only. The collector collects the 
used products from the end-customers and returns back to the remanufacturing unit for remanufacturing. The 
quality of the manufactured item and the remanufactured item is the same.  

(3) The two retailers face the same customer demand and accordingly they decide how many units to order from the 
manufacturer according to the customer demand. 

(4) The manufacturer uses both remanufactured and manufactured products to meet retailers’ demand. 
(5) Market demand is an auto regressive demand process influenced by the retail price. 
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A graphical representation of proposed closed-loop supply chain is shown in Figure 1. 

                
      
 
 
4. Demand Model 
 
Let  dt and pt denote respectively the market demand and retail price of the product in period t. We formulate the 
customer demand as 

        0, >+−= bbpad tt ε                                                                               (1) 

where a ( > 0) is the market demand scale, b( > 0) is the price sensitivity coefficient,  tε  is independently and 

identically distributed white noise. We assume that tε  is normally distributed with mean 0 and variance 2
εσ . We 

interpret tε  as an exogenous demand shock which is not related to price p. We consider the price dynamics in the 
demand model as follows.  
The selling price pt follows an ARMA(1,1) pricing process: 
                                     1,10,11 ≤<<−++= −− θρθηηρµ tttt pp                                                        (2) 

where )0(>µ  is the mean retail price, ρ is the autoregressive coefficient of the pricing process, tη is an i.i.d. 

normally distributed random error with mean 0 and variance 2
ησ and θ is the moving average parameter.  Putting (2) 

in (1), we get 
                                                        '

11 −− −++= tttdt aadd θρλ                                                                           (3) 
where 

11
'

1 )/(,,)1( −−− −=−=−−= ttttttd bababa ηεθρηεµρλ . 
Clearly the simplified demand model (3) is autoregressive but not an ARMA(1,1) process. From (3), we can easily 
obtain 
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fraction of the market demand and the retailer 2 satisfies the remaining (1-α) fraction of the market demand. Then 
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   Fig.1 Graphical representation of the proposed closed-loop supply chain 
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5. Measuring the Bullwhip Effect  
 
5.1 Bullwhip effect at the retailers  
We suppose that both the retailers employ Order-Up-To (OUT) inventory policy. Orders placed by them earlier are 
received at the beginning of period t to satisfy the customer demand di,t, i = 1,2. Retailers review their respective 
inventory situations at the end of period t and place order to raise their respective inventory levels to certain levels. 
Suppose that the retailers order qi,,t units, i =1,2 from the manufacturer but these quantities are received by the 
respective retailers after lead times '

1L and ''
1L , respectively. Let tiS , and 1, −tiS be the order up to levels at the end of 

periods  t  and (t-1), respectively. Then the order quantity of  the retailer 1 will be 
                                   

1,1,1,1,1 −−+= tttt SSdq                                                                                           (4) 
Since the order up to level includes stock to meet the lead time demand and the safety stock, S1,t can be written as 
                                   '

,11,1,1
1

'
1 ˆˆ L

t
L
tt zdS σ+=                                                                                                         (5) 

Using (5) in (4), we get  
                                   )ˆˆ(ˆˆ '

1,1
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11
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L
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L
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L
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To estimate the lead time demand, we apply the Minimum Mean Square Error (MMSE) forecast technique. The 
demand during the lead time '

1L  is given by 
   '

1

'
1

,12,11,1,1 .... Lttt
L
t dddd

+++ +++=  

If '
1

,1
ˆ L

td   denotes the estimate of the demand forecast obtained by the MMSE technique, then we have  
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t dd                                                                                               (7) 

For the MMSE technique, the demand forecast for the period t+i, (i = 1,2,…) which is the conditional expectation of 
itd +,1 given the previous observations  is obtained as (Box and Jenkins, 1994) 

                       ,....],,[ˆ
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Substituting (8) into (7) and taking difference with '
1

,1
L
td we can show that the variance of the forecasting error of the 

lead time demand at the retailer 1 is 
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Clearly, ( )2'
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tσ is independent of time. The bullwhip effect at the retailer 1 is given by 
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Similarly, the bullwhip effect at the retailer 2 can be obtained as 
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Proposition 1. There exists an anti-bullwhip effect at each retailer when θ = 1. 
Proof: The proof is straightforward. From (9) and (10), after simple calculations it can be shown that (BWE)R1< 1 
and (BWE)R2 < 1. 
 
We now investigate the bullwhip effect for the total order quantity of the retailers at this stage. 
The manufacturer receives the total order quantity ttt qqq ,2,1 += . Using tt dd α=,1  and tt dd )1(,2 α−= , we  write    
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Then the variance of tq can be obtained as  
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Hence the bullwhip effect at the retailer stage is given by 
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5.2 Bullwhip effect at the manufacturer 
 
We suppose that a fraction γ of the two retailers’ total order quantity is met up by the remanufacturing unit and the 
remaining fraction (1-γ) is met up by the manufacturing unit. Then the demand process of the remanufacturing and 
manufacturing units are given respectively by 
                                 '

1
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and                           '
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Similar to the case of retailers, we assume that the manufacturer uses an MMSE forecasting scheme and an OUT 
inventory policy for both the remanufacturing and manufacturing units.  
Let '

tm and ''
tm  be the order sizes of acceptable used items and virgin raw materials from the third party and raw 

material supplier, respectively. These order are being placed at the end of the time period t and received a the end of 
periods '

2Lt +  and ''
2Lt + , respectively. After some calculations, it can be shown that the order process at the 

remanufacturing unit follows a stochastic process similar to that of the order process at each retailer, and the 
variance of the order quantity of the remanufacturing unit is 
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We measure the bullwhip effect by the ratio of the variance of the order quantity of the remanufacturing unit to the 
variance of the demand the unit faces. Thus  
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Similarly, the bullwhip effect at the manufacturing unit can be obtained as  
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Proceeding similarly as in the case of retailer stage, the bullwhip effect for the total order quantity at the 
manufacturer stage is obtained as     
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5.3 Bullwhip effect at the supplier 
 
Here also we assume that the raw material supplier uses an OUT inventory policy and MMSE forecasting technique. 
If the supplier received his order quantity after a lead time L3 then proceeding similarly as in subsections 5.1 and 5.2, 
the order variance at the supplier can be obtained as 
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The bullwhip effect at the supplier stage is  
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6. Numerical Example 
 
In this section, we illustrate the developed model through a numerical example. We assume the parameter-values as 
a = 10, b = 2, µ= 5,  ,4,4 22 ==∈ ησσ  α = 0.4, γ = 0.5, 4,3,2,2.1,1 3

''
2

'
2

''
1

'
1 ===== LLLLL  in appropriate units.  
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                                                      Fig.2 Effect of  θ on (BWE)R when ρ = 0.8 
Fig.2 shows the impact of moving average parameter θ on the bullwhip effect at the retailers. Note that when θ < ρ
the bullwhip effect occurs and when θ > ρ anti-bullwhip effect occurs and θ = ρ , no bullwhip effect occurs. As θ 
increases, the bullwhip effect increases and then attains a maximum value and then drastically decreases as θ 
approaches to ρ . 

                
                                                         Fig.3  Effect of ρ on (BWE)R when θ = - 0.5 
 
Fig.3 below shows that the bullwhip effect at the retailer stage increases, attains a maximum value and then 
decreases as ρ increases. The right hand figure is drawn by taking 2.2,0.2 ''

1
'
1 == LL  and it shows that the bullwhip 

effect is stronger for higher lead times. Figure 4 shows that the bullwhip effect occurs at all stages for θ < ρ  but the 
magnitude of the effect is more at the supplier stage compared to those at the retailer and the manufacturer stages. 
For θ > ρ , the anti-bullwhip effect occurs at the retailer and the manufacturer while the bullwhip effect still occurs 
at the supplier stage. Thus we can conclude that the bullwhip effect will exist at all stages if it exists at the first stage 
but the anti-bullwhip effect, if it exists at the first stage, may not always occur in the subsequent stages. Fig. 5 shows 
that remanufacturing of used items significantly reduces the bullwhip effect at the manufacturing stage for all values 
of  θ < ρ .  
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                             Fig.4 Effect of θ on the bullwhip effects at the retailer, manufacturer and supplier stages 
 
Table 1 reflects the effect of sensitivity coefficient b on the bullwhip effect. Clearly (BWE)R, (BWE)M and (BWE)S 
all increase as b increases. A lower value of b may lead to anti-bullwhip effect whereas a higher value of b may lead 
to the bullwhip effect at the supplier when θ exceeds the transition point 0.8. Table 2 shows the impact of 2

ησ on the 
bullwhip effect. When θ < ρ , the bullwhip effect at each stage increases with the variance of the market shock on 
price. Since 2

pσ is proportional to 2
ησ , the management should look for a steady price mechanism for the product in 

order to reduce bullwhip effect at all stages. 
 

                              
                                                 
                                                                    Fig. 5  Effect of θ on (BWE)M 
 
Table 1. Impact of price sensitivity coefficient b on the bullwhip effect when ρ = 0.8 

  
b 

θ 
0.1 0.3 0.5 0.7 0.9 

 
(BWE)R 

1 
3 
5 
7 

1.4789 
1.6511 
1.6704 
1.6759 

1.4219 
1.6297 
1.6555 
1.6630 

1.2997 
1.4955 
1.5228 
1.5309 

1.1096 
1.1951 
1.2081 
1.2120 

0.8917 
0.8071 
0.7943 
0.7904 

 
(BWE)M 

1 
3 

2.0556 
2.2855 

1.8395 
2.0931 

1.5509 
1.7914 

1.1914 
1.3164 

0.8206 
0.6471 
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5 
7 

2.3083 
2.3147 

2.1202 
2.1279 

1.8201 
1.8283 

1.3339 
1.3390 

0.6175 
0.6085 

 
(BWE)S 

1 
3 
5 
7 

3.7643 
4.1099 
4.1459 
4.1574 

3.2760 
4.0194 
4.1030 
4.1304 

2.5686 
3.8988 
4.0528 
4.1017 

1.5892 
3.7101 
3.9859 
4.0698 

0.4097 
3.1875 
3.8121 
4.0063 

 
Table 2. Impact  of  2

ησ  on the bullwhip effect when ρ = 0.8 
  

2
ησ  

θ 
0.1 0.3 0.5 0.7 0.9 

 
(BWE)R 

2 
4 
6 
8 

1.5626 
1.6165 
1.6368 
1.6475 

1.5181 
1.5847 
1.6109 
1.6249 

1.3854 
1.4496 
1.4761 
1.4905 

1.1455 
1.1739 
1.1861 
1.1928 

0.8562 
0.8281 
0.8161 
0.8094 

 
(BWE)M 

2 
4 
6 
8 

2.1737 
2.2432 
2.2682 
2.2811 

1.9655 
2.0439 
2.0729 
2.0880 

1.6645 
1.7409 
1.7704 
1.7861 

1.2461 
1.2871 
1.3040 
1.3132 

0.7520 
0.6935 
0.6672 
0.6524 

 
(BWE)S 

2 
4 
6 
8 

3.9772 
4.0476 
4.0718 
4.0841 

3.7788 
3.8788 
3.9137 
3.9315 

3.4853 
3. 6371 
3.6919 
3.7202 

2.9953 
3.2440 
3.3413 
3.3932 

1.9557 
2.3038 
2.4840 
2.5941 

7. Conclusion 
 
In this paper, we investigate the bullwhip effect at each echelon of a closed-loop supply chain which consists of two 
retailers, one manufacturer, one supplier and one third party collector. We have assumed that the customer demand 
is influenced by retail price. We have incorporated the price dynamics in demand through an ARMA(1,1) pricing 
process. The market demand is then reduced to a non-standard ARMA(1,1) process. We have observed from the 
numerical results that the bullwhip effect occurs at each stage if it occurs in the first stage. On the other hand, if an 
anti-bullwhip occurs at the first stage, it may not propagate through all upstream stages. We have further observed 
that the remanufacturing decision in the reverse channel significantly reduces the bullwhip effect at the manufacturer 
stage. Furthermore, a steady price mechanism can considerably reduce the bullwhip effect at all stages of the supply 
chain. In this paper, we have assumed deterministic lead time at all stages. Future research may relax this 
assumption and consider stochastic lead time to investigate the bullwhip effect for a more realistic closed-loop 
supply chain. 
 
 
References 
 
Agrawal, S., Sengupta, R.N. and Shanker, K. 2009. Impact of information sharing and lead time on bullwhip effect 

and on-hand inventory. European Journal of Operational Research,192, 576-593. 
Alwan, L.C., Liu, J.J. and Yao, D.Q. 2003. Stochastic characterization of upstream demand processes in a supply 

chain. IIE Transactions, 35(3), 207-219. 
Box, G.E.P. and Jenkins, G.M. 1994. Time series analysis: forecasting and control. ed. Englewood Cliffs, NJ.  
Chen, F., Drezner, Z., Ryan, J.K. and Simchi-Levi, D. 2000. Quantifying the bullwhip effect in a simple supply 

chain: the impact of forecasting, lead times and information. Management Science, 46(3),436-443. 
Feng, Y. and Ma, J.H. 2008. Demand and forecasting in supply chain based on ARMA(1,1) demand process. 

Industrial Engineering Journal, 11(5), 50-55. 
Greaves, S.C. 1999. A single-item inventory model for a non-stationary demand process. Manufacturing and Service 

Operations Management, 15(3), 351-368. 
Hosoda, T. and Disney, S. M. 2006. On variance amplification in a three-echelon supply chain with minimum 

square forecasting. Omega, 34(4), 344-358. 
Lee, H.L., Padmanabhan, V. and Whang, S. 1997. Information distortion in a supply chain: the bullwhip effect. 

Management Science, 43(4), 546-558. 

2446



Proceedings of the International Conference on Industrial Engineering and Operations Management  
Dubai, UAE, March 10-12, 2020 
 

© IEOM Society International 

Ma, Y., Wang, N., Che, A., Huang, Y. and Xu, J.  2013. The bullwhip effect on product orders and inventory: a 
perspective of demand forecasting techniques. International Journal of Production Research, 51 (1), 281-302. 

Ma, Y., Wang, N., He, Z., Lu, J. and Liang, H. 2015. Analysis of the bullwhip effect in two parallel supply chains 
with interacting price-sensitive demands. European Journal of Operational Research, 243, 815-825. 

Pati, R.K., Vrat, P. and Kumar, P., 2010. Quantifying bullwhip effect in a closed loop supply chain. Opsearch 47(4), 
231-253. 

Pati, R.K. 2014. Modelling bullwhip effect in a closed-loop supply chain with ARMA demand. IIM Kozhikode 
Society & Management Review 3(2), 149-164. 

Zhang, X.L. and Burke, G.J. 2011. Analysis of compound bullwhip effect causes. European Journal of Operational 
Research 210(3), 514-526. 

 
 
Biographies 
 
Bibhas C. Giri is a Professor of the Department of Mathematics, Jadavpur University, Kolkata, India. He did his 
M.S. in Mathematics and Ph. D. in Operations Research both from Jadavpur University, Kolkata, India. His research 
interests include inventory/supply chain management, production planning and scheduling. Professor Giri has 
published more than 200 research papers in the journals of international repute. His papers have appeared in journals 
such as Naval Research Logistics, International Journal of Production Research, OMEGA, Journal of the 
Operational Research Society, European Journal of Operational Research, International Journal of Production 
Economics and so on. He was a JSPS Post-doctoral Research Fellow at Hiroshima University, Japan during the 
period 2002-2004 and Humboldt Research Fellow at Mannheim University, Germany during the period 2007-2008. 
 

2447




