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Abstract

In this article, the intricacies involved in the imanance of the industrial repairable systemsaasyzed. Based on
the practical requirement, the mathematical mofielsepairable system maintenance which are usaigt process
theory are listed and reviewed. The available egion, inference and prediction methodologies ése listed. The
future issues which are to be addressed in theamsdtical modeling for maintenance are also poioted
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1. Introduction

In this highly technical modern world, the socidgmands the most reliable and quality productséryeaspect of
life. To meet this demand the production industdependent on the complex industrial equipmentschvizire
capable of high speed and continual production a@gpaln this context, the maintenance activities these
complex industrial equipments or systems not onluee the timely delivery for profits in the busieepreventing
environmental hazards and safety hazards. Themysthich undergoes the aforementioned maintenasinétias
are referred in technical literature as maintaisggtems or repairable systems. These repairaltiensysare defined
as, a system which after failing to perform onenmwre of its function satisfactorily, can be restbte fully
satisfactory performance by any method other tlegolacement of the entire system , Ascher and F&indg.
Large number of technical papers and many bookpwaskshed in the field of maintenance modelingriggairable
system. Most of these developed models actuallyemepplied in practical maintenance activities. ecand
Feingold [1], Scarf [2] states that still the maimance policy managers and engineers takes theiateci
heuristically using their engineering back ground aommon sense. This is because of the unreadissiemptions
of the theoretical models which do not suit thecpical realistic situation of the industries. Aated by Guo et al.
[3] the models developed for maintenance shouléffieient, reflective of the situation and good appmating
tools. And hence these mathematical models shaglwporate the elements of the environment in whiphration
and maintenance takes place, failure causes escpeAKumar and Liyanage [5] if one could formulateoncise
statement on the role of maintenance, it is pritpdno reduce business risks on the continuous basisost —
effective manner. All these statements in reselitetature leads to the development of maintenanodels which
can be used to plan for the spares, resourcesemiacement strategies which in turn help to redheecost of the
production activities, and also to reduce safety emvironmental hazards.

2. Industrial Maintenance — An Overview

With proliferation of line or mass production indiss in late 1940s the concept of maintenancechaaged from
simple tasks of maintenance like lubrication, btifthtening etc and Breakdown maintenance, to theemo
sophisticated preventive maintenance (PM) activitidhich are aimed to prevent the equipment failufesugh the
preventive maintenance concepts reduced the fafabes of the equipments, these concepts are hawengy
demerits. The excess maintenance, replacementrisf jpeomponents which are in good condition, disiace of
good machine alignment in the name of maintenaaskstare some of the draw backs of preventive erznice
concept. The aforementioned drawbacks of the PMstésd to the new concepts like predictive mainteea
condition based maintenance (CBM) and reliabilgptered maintenance (RCM). All the Maintenance eptsand
policies are aimed at one objective that is miningzhe unplanned downtime. Minimizing unplannedvdtime in
turn having many goals, such as business proétiation in safety and environmental hazards efta.achieve
these goals the maintenance managers should plémefoptimal policies for maintenance using teghes of PM,
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CBM, RCM etc... The Planning for getting resourees! spares for the maintenance is also havingtrigesic
importance in cost reduction. As stated by Syamsurehd Naikan [6], there are several fundamentaktipns
regarding the failures, maintenance policy, busingsals etc. and their answers will help mainteeapalicy
makers of particular industries to decide the &lgtaand effective tasks in their maintenance polkscher and
Feingold [1] listed some very important factorstheir literature, which are considered to be tHauémtial in the
failure process and also influential in subsequeaintenance policy framing. All the aforementiortisicussion is
leading to the research and development of toalsnaodels which will help to deliver the optimal stdbns to the
challenges of maintenance.

3. Different Approaches in Mathematical Modeling fo Maintenance

The maintenance modeling of industrial maintaingstesns which are also referred as repairable system
modeled traditionally using their failure times. eTfailure time of a repairable system is a randomcértain)
variable, and in a continuum (here it is a time)ithe collection of this random variable form acsiastic process.
There have been many approaches used in the rbsiarature to mathematically model the aforenmmad
stochastic process of failure times. There are ntlba® a thousand research articles available ugiagsemi-
Markhov and Markhov process for maintenance model8ome of the other commonly used stochastic psoce
models are Renewal process, Non-Homogenous Pqgissoass (NHPP), and Homogenous Poisson process.(HPP
The renewal process models are based on a strengipson that the system is brought to the conditba new
system, after it was repaired for failure i.e. theximum possible repair, also known as maximal iredde
drawback of this model is that the assumption nisubet practically possible in most of the casescdntrast to the
renewal process, the NHPP models which look atrdral of the failures in a monotonous increasingemreasing
trends. Here these models use the concept of mimépair which represents the repair as minimurpassible to
put the system back in to the function. This i©d&aown as minimal repair models. The afore mertibmodels
are discussed in detail by Ascher and FeingoldRRigdon and Basu [7] for renewal process and Poigsocess,
Cox [8] for a comprehensive analysis of renewalkpss, and Birolini [10] for the Markhov models fepairable
systems.

4. Stochastic Point Process Models

A stochastic point process model is explained asimence of highly localized events that are rangatistributed

in a continuum, Ascher and Feingold [1]. Here ie ttontext of repairable systems maintenance mayg¢tie
localized events are taken as failures of the systed continuum as the time. In this point prodeesnumber of
failures in the time intervdl to t is denoted byN(t) which is a random variable. TiNt) can be called as the count

process. An intensity function (t | Hr) of the count procedd(t) is a stochastic process which is used to model
and study the failure in repairable system. Itiieg by,

/](tlHr) :'&i[‘g‘ P((N(t +At) _AtN(t))zllHt‘)
AtIH) = Lim P(AN(t)A: 1/ H,.)

Where Hr denotes the data available prior to titrend also said as the history of failure processuth timet.
Here the assumption we make is that there is a geroability for the occurrences of simultaneoutufas. The
intensity functiod (t | Hr) which is also called as the complete intensitycfiom or conditional intensity process

forms the comprehensive basis for modeling theufaikevents for maintained systems. Here we usédbke line
intensity functionAO(t), which is the hazard function of the time to theffiiailure, in describing models by means

of their conditional intensity functiox\(t |H. )

4. Models with Repair Effects

4.1.1. Basic Models:

The basic models for the repairable systems arewanprocess, NHPP and HPP; these can be spebifi¢ideir
conditional intensity functions. These are most omm and simple models. In the renewal processcaheitional
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intensity function depends on the prior daialt( ) through timet, the time since the most recent failures (i.e. the
Backward recurrence time)

MeIH )= A,-T,)-
The renewal process is modeled with the time betvi@itures identically and independently distrilmit&he
distributions which are commonly used are expoagrgamma, Weibull, log-normal etc. In the NHPP eledhe

intensity function is the non-constant one. Thedithmnal intensity function for this model is thenfction of
chronological age of the system.

AltIH) =4,
and When the conditional intensity function of NHRaRes the following form, then we call it as Poveav process.
— -1
AltIH.) =apt
For the log-linear process the conditional intgniiniction will be of the following form
A(t | Ht_) =exp + i)
When the time between failures of a renewal proieszponentially distributed and the intensitydtion of NHPP

is a constant, then both the process will give tiasa special case called as HPP. The conditiotehsity function
of HPP is given by,

/](t | Ht—):/]O

4.1.2. Extension of the basic models
With extension and generalization of NHPP and rexdigwocess models, Lindqvist [11] proposed a newdeho
termed as trend renewal process (TRP), whose ¢omalitintensity function is given by,

A(t | Ht—) = Z(/\o(t)_/\O(TN(t‘)»/]O(t)
The parametric inference of the TRP model is stiidig Elvebakk et al. [14]. Kristov [12] extendedetNHPP
model into non- homogenous renewal process (NHRRhis model the hazard function of the renewalcpss has

taken as its intensity function and inter-failui@ées replaced with times to failure. The two NHRRsed on log-
normal and Weibull are postulated to provide a gfibtb the practical trends observed. Berman [d®jdeled an

extension of NHPP with a new concept that eactesystxperiences the shocks with NHPP intendi(j/) and the

failure occurs only at th&™ shock. I1fK<1 after repair then the system is said to be detiig andK>1 after
repair then the system is termed as improving. Tiislel is termed as Inhomogeneous gamma modelegiap
form of inhomogeneous gamma model termed as madliggmma process is also proposed by Berman [1B] wi

the conditional intensity function
AtIH, ) = pexdBz(t))

The modulated gamma process discussed above iadextefor cyclic trend of fixed frequency model wlos
conditional intensity function is given b,x}(t | H.- ) :pexr(ﬁl cos(ax) + 5, sin(ax)). Here & represents the
periodicity of cyclic trend ang; andp, are the regression coefficients of the covarigkggma [15] introduced a
model for the concept of age recovery or age ldssincorporated the effect of imperfect repair gdime concept of
virtual age. The model is represented Izi;(t | Hr) = = A, (£(t) where&lt) is the effective age of the unit.
Doyen and Gaudoin [16] proposed two models, aritimeduction of age (ARA) and arithmetic reductioh

intensity (ARI) models. These models more accuyateresent the conditional distribution of intailfire times.
The ARA Model is represented by

AltIH) =2a-2s)

N _

And the ARI model is represented M,(t | Ht_) = = /]O(t) —ZS, where S, reflect age or intensity reduction
i=1

factors.
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4.2.Models which considers other conditions

In the repairable system maintenance there alwaigt some special conditions apart from the regolas. To
reflect these special conditions in the model bogdsome of the basic models are extended anthasized to get
more practical models with good fit for the avaltalata. The branching Poisson process (BPP), glrext
Weibull renewal process (GWRP), bounded intensitycess (BIP), The superimposed power law process an
superimposed renewal process are the some extandddls of Renewal process, HPP, and NHPP. In some
maintained systems because of the inadequate r&pairfailure (Primary failure), there will be sdguent failure
(subsidiary failure) due to same reason as prirfealyres, the BPP model account for this phenomeiibe BPP is
the superimposition of primary and subsidiary faglseries, with the assumption that both the failypes are
indistinguishable. Ascher and Feingold [1] and Henand Ascher [17] dealt the BPP model in theifipatons.

To Model the non-monotonic failure occurrences iffecent types, various generalization methodsvéibull
distribution is published by Murthy et al. [18] antbre recently by Pham and Lai [19]. In the regd@asystem as
the age increases the failures also increasesthdthubsequent repair action and substitutioradspn the system,
the system as a whole consists of parts with ndfoum ages which will lead to the constant failuméensity. To
model such system Pulcini [20] proposed a BIP Mod#ich initially evolves as power law process witle beta
value of 2 and converges to HPP asymptoticallyhwie conditional intensity function of

AltIH, )= a(l—exp(‘%gjj

Pulcini [21] also proposed a model to analyze themex repairable system which can exhibit the todttturve
behavior of the intensity function. In this modapsrimposition of two power law process are donartalyze the
failure pattern. This model is termed as SPLP mudil conditional intensity function of

AltIH,) =40+ A,

AtIH) = a,BtA " +a, Bt
As per Ascher and Feingold [1] the SRP models amnéd by superimposing threindependent renewal process.
This model can be used to analyze the system withofncomponents each of which are representedehgwal
process. To encounter the other practical diffiealtn modeling for the maintained system, discpeteesses other
than Poisson process also used. One such modehdéh@mProcess (GP) model proposed by Leung and 22
to represent the wear or age which in turn causesiécrease in operating times due to the inclieaspair time
(due to rectification of the accumulated wear agd eelated problem). Yang et al. [23] presentednifaaimum
likelihood function for this GP model.

4.3. Proportional Intensity Models

The failure times of maintained systems dependsnany factors such as operating environment, prigtoty of
repairs and maintenance, components, material asdjd of the system, Kumar [24]. Some factors amst@nt
over the period of time and some are time depend®iih the basis of regression model proposed by O

taking some of the factors as covariates and coitantrvariables, two models with time varying caates has
been proposed. Time varying covariates given by

MtIH) = 4,01 (2()
AltIH) = 4,0)f(v2)

Where, Ao(t) is the baseline intensity functiony’ regression coefficient of time varying covariatg) time

Time invariant covariates given by

varying covariates. The above models are callgot@sortional intensity models. In the above model ¢ovariates
strength can make the baseline intensity functioimérease or decrease. The link functighmay take the form of
exponential, log or logistic. For the systems hgwjeneral repairs, based on the prior repair histoproportional
intensity model with log-linear baseline intenshgs been proposed by Guo et al. [4]. This modekidens

simultaneously the time trends and repair effegiff) the assumption of cumulative number of failoegptures the
age, use behavior and repair history of the syskeisirepresented by

AltIH,) = A,0)f (v-z(1))
= A0 vEN,)
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For the imperfect repair and accumulating numbefaidfires with proportional intensity Pena and ldallier [28]
proposed a general class of modelit | Hr) = /]O(S(t))p(N(t')f(yZ(t))). Combining the preventive

maintenance effects and variables of prediction adehtermed as generalized proportional intensitrexiel

(GPIM) has been proposed by Percy and Alkali [8ley incorporated intensity scaling factors forvergive and
M(t) N(t)

corrective maintenance. It is represented/b@,| Hr) = /10(t) { EI n X rl S; } exp §" Z(t)). Wherer; and §
1= J':

are intensity scaling factor for preventive andrective maintenance respectiveM(t) and N(t) represents total

number of preventive and corrective maintenancergtrespectively.

4.4 Marked Point Process models

In the actual industrial environment with multiggstems, the following situations may arise manyet. Afore
discussed mathematical models (also known as uategpoint process) may not do justice to reflbet practical
difficulties. The situations may be the systems simgilar or dissimilar with heterogeneity, multiplailures and
failures of same or different types, varying efeatith various failures and variety of maintenamctivities to
tackle various failures. To handle the aforememttboonditions and to reflect the originality of Biguation, we can
use the multivariate point process. A multivariptént process is a collection kiunivariate point processes, which
may of course be dependent on each other. Whilhanmethod of handling failures with multi dimesrss such as
above mentioned is that, the basic failure evemtsilsl be included in a univariate point proceshwither features
placed as marks at each failure event forming daamvariable (a single mark) or a random vectorl{jple marks)
leading to a marked point process. Here marks septenumber of failures, maintenance types requiced
particular failure, degradation level of a systetm @0 deal with the multiple systems and hetereggrbetween
them, various models have been developed. Theduysteeous trend renewal process (HTRP), negativaniial
process (NBP) and other general class of processa@ne of the models developed to deal the aforéomea
situations.

Bain and Wright [26] applied the NBP model to de#h multiple maintained systems, which are hawiifferent
intensity though they are similar in nature. Thesferent intensities reflects the heterogeneityneen the systems

and to reflect this heterogeneity, the Poissonmatard has been considered as the random variable which i
following gamma distribution and a compound Poissoodel has been developed. Bain and Wright [26H use
methods of moments and Savani and Zhigljavsky {&€d generalized moment based estimates for timeagisin
of the parameters of the NBP model. Some unobsdrgttogeneity among the multiple systems has teatt by
Elvebakk et al. [14] in the HTRP model, where uresied heterogeneity is introduced as a multipleafactor
which is a random variable depends on the intenditye imperfect repair and proportional intensjtiasd
accumulating number of failures are reflected i ¢eneral class model proposed by Pena and Hotl§28F In
this model, the heterogeneity is represented bylipticative factorW, working on the intensity and is represented

by M IH, ) = W e0)olNE )t (/20)

Pena et al. [30] and Pena et al. [29] have given nthn-parametric inference and semi-parametricrénfee

respectively to the above models. According torhehn [31], whenever a system undergoes a repar aich
failure, the level of degradation of the systemushed back to a point which lies between the $eeEhew system
and the system just before the failure. In thisardga model for degradation of maintained systemeigeloped
based on the marked point process. Here, the éaduents and the inspection time are taken as ®vand the
degradation level, repair levels, etc. is takemasks. No practical application was shown in therdture for this
model. To asses the failure rate of the competindan of reliability data base Cooke [32, 33] prambsiodels for
independent competing risks and for competing riskh dependency. Bunea et al. [34, 35] also predamany
models for competing risks and also proposed metfardselecting model based on various factors adefs. For a
system which fails due to one of the series of reahelently acting competing failure mechanism, deddystem
also have imperfect repair, moreover the systeaisis under the preventive or CBM based maintenantities,

Langseth and Lindqvist [36] proposed an intensitypprtional repair alert model. The model assunmpigothat the
conditional density of CBM is proportional to theensity of the imminent failure process. The rep&rt function
of the model, proposed a metric to test the levfehlertness of the maintenance group of industrycheck
impending failures by applying CBM measures. Alde tangseth and Lindqvist [37], Lindqvist et al8]3
proposed, tools to test the intensity proporticasdumption, the use power law process for repait &lnction,
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respectively. For complex repairable system, Dayed Gaudoin [39] proposed a general frame workrfodeling
the process of corrective and CBM preventive mautee along with imperfect repair models for thiufe
process. Using the Weiner process Lindqgvist andy&kb[40] proposed idea of modeling a degradatimegss for
maintained system.

4.5. Alternate time scale models

Most of the stochastic process models use the datesr Global time, alternatively, some of the msdes to be
built upon the alternative time scales to suit gractical applicability. For example, the numbermiles the

automobile has driven can be used as the time.dcatbe case of aircraft the number of flying hguake-offs,
landings, time since the last overhaul of airceafjine may be taken as the alternate time scalelsdeternal and
environmental factors such as temperature, stregpesating speed can also be taken as the akesnate to model
the failure process. Depending on the stochasticgss and its application, single time scale ortiplal scales
leading to mixed scale can be used to model theréaprocedure. A cumulative hazard rate which ddpeon the
environmental changes that affect the failure fenliaken as the time scale, Ozekici [41], devel@pmodel with
the concept of intrinsic age of the system. By dgiplg the local time (time since the last failueg)d global time
(age of the equipment) together in the proportiont@nsity model, Percy and Kobbacy [42] proposedaalel for

failure process. Again, in the proportional intépsnodel by taking the loads, usage, number ofstop starts (all
are external factors) as covariates, Duchesne awdels [43] postulated alternate time scales fodetiog of

failure, for which the conditional intensity funati is given by,

AltIH ) = 4(t.2(t)
Where the base line intensityy) is the function of calendar time and alternatiee scales are based on the
external influences of environment.

For the external environmental factors which aftbet failure process, an accelerated time assumjgionade and
the conditional intensity function is given withnaultiplicative factor which accelerates the timalss and it is

given by
AltIH,-) = A (exdptz(t))

This accelerated time with respect to failure mimdefor the industrial maintained systems are sddiy Guida
and Giorgio [44], Guerin et al. [45], Yun and Kimg] and Yun et al. [47]. Gertsbakh and Kordonsk§] [#h their

research literature suggested a heuristic pringhmé the best time scale was the one which pravitle smallest
coefficient variation. To find out the optimum ireggion interval and replacement strategy for thesgstems in a
system a “repair and maintenance indicator (RMIgsvproposed by Lugtigheid et al. [49]. This RMthe linear

combination of weighted subsystem ages which reglabe time scale in the baseline intensity fumciid a

proportional intensity model.

P
RMI() = > s (t)
i=1

Wherew; is the weight of thé" subsystem and(® is the accumulated operating time of thesubsystem at time
The conditional intensity function witRMI(t) is given by

AETH, ) = A (RMIE)exelyz(1)

5. Inference for Point Process Models

For the available models which are mentioned alfiovehe section 4), for their effective utilizatiotme proper tools
are required to apply this models to the data geadrby the maintenance process. After the propdsalmodel,
we have to apply techniques to estimate the unkrmavameters of the model and using these parantbeefi of
the model to the available data set is to be chibdiarther, the required quantities of interesttf@ maintenance to
be predicted using the models. After the aforenoeetil important steps, then the model can be diliaesolve the
industrial maintenance problem. The methods foeriirig the parameters of the models are listedvieshod of
Maximum likelihood, Methods of moments, Method eést square and Expectation-Maximization (EM) allgor.
Among these, the method of maximum likelihood s ¢enerally used estimation technique, while otheesused
for specific cases and models. Testing of the méateits fit for a particular data set is done immy ways. The
simplest one is the graphical fit, where estimaé@d observed failures are plotted against time amgkrved
visually. Check of fit can also be obtained by oiting the sum of squares of the distance betvleerexpected
and observed values, where the least sum of tharsmuill give best fit. Similarly highest maximurikeélihood

423



value of maximum likelihood estimation gives thetiii. Some more methods for goodness-of-fit sbglublished
in various research literatures, D’Agostino andp8ens [50] for various renewal processes, AschdrFRaingold
[1] and Rigdon and Basu [7] for various basic megd&laloy and Lindqvist [51,52], Vaurio [53], Kvalet al. [54]
and Lindqvist [55] provided goodness-of-fit tests point process models for repairable systems. rroltiple
systems and heterogeneity, the goodness-of —f# s® given by Kvaloy [56}, Kvaloy and Lindqviss]], and
Rigdon and Basu [7]. After the estimation and tegtithe models can be used to predict the futuemtifies of
interest for maintenance. Few following relatiomshican be utilized to estimate these quantitiesntdrest.
Expected numbers of failures are calculated ugiegelation

At =E(r®) 1, )= £ AlyTH, )

in the time interval(, f].
Conditional reliability of the system is given by,

t
R(ti | Ht_)=ex - jA(y| Hy_)dy
g
wherei is the ' segment of failure process after tha )" failure.
Conditional failure distribution is given by

f (ti |Ht_): A(t|Ht_)ex - :[)I(y|Hy_)dy

6. Future Requirements in Modeling for Maintenance

After reviewing the models which are developedast few decades, it is observed that the followew features
should be incorporated so that modeling can be raffextive and relevant to the practical industriakeds. The
models should reflect the practical features ofrtegiance on the sustained basis, models shouldnacodate the
environmental changes and parameter changes dirergase in data set, which leads to multi-phaseéatso
Models should be developed for dealing with mudtihilures and common cause failures. Models wlgich
dealing with CBM is to be given more attention itthel work has been done in that area. Also théhfrwork has
to be done on models with repair considerationh wihall data sets and with censored data sets.

7. Conclusions

To avoid the failure or in unavoidable circumstante increase the time between failures of indaisiniaintained
systems, the maintenance policy makers try to estinthe magnitudes of factors which are governimg t
maintenance. Identification and monitoring of calig@arameters for failure and planning the mainteraactivities
based on this are required for the effective mammtee of repairable systems. From the businesg émglplanning
for the availability of the system at crucial tinfgke at peak seasonal demands) by identifying ¢higcal
maintenance parameters of the system based orstiheated parameters is another advantage of thieemaitical
modeling of the repairable systems. From the eqeigmmanufacturer’s point of view the identificatiohcrucial
parameters governing the failure will certainlyfgh#& improve the equipment quality at design sitggf and later
in manufacturing (of equipment) stage also. Thib eefinitely improve the reliability of the systerin this paper
we attempted to review the models which are aviglabthe research literatures of last few decad#s an eye on
the practical requirements of repairable systerthefmodern complex industries, to deploy appropriabdel for
effective maintenance planning and implementation.
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