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Abstract

In this work, an integrated model of economic production quantity, economic design of an =control chart, and
preventive maintenance are investigated under non-uniform quality control parameters. The effect on the expected
total cost and quality control cost is investigated with three different assumptions of the quality control parameters.
Using a tabu seach algorithm, the optimal values of quality control parameters, for different PM levels, are found. A
non-uniform scheme for sampling frequency, sample size and control limit co-efficient provides lower cost as
compared to schemes where only sampling frequency is taken as non-uniform.
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1. Introduction

Quality control, production planning and maintenance policy are important factors in any manufacturing process.
Effective integration of these factors will give a company a competitive edge of advantage in the global market. The
customers’ satisfaction might lead to an increased cost of a production process. The optimization of production cost
is an important area of research. Economic production quantity, economic design of an =-control chart, and
preventive maintenance are the three main elements in production management. In the past, these aspects have been
considered separately and different modifications were made in the individual models to achieve optimal production
costs. In this work, an integrated model of economic production quantity, quality control, and preventive
maintenance policy is studied. Optimal values of design parameters of the model are obtained using a tabu-search
algorithm.

2. System Operations and Assumptions

The same process is assumed as in Rahim and Ben-Daya [1]. It is assumed that the process is producing a single
item. The process is new (i.e., age is zero) at the start and it is in an in-control state. The process may shift to an out-
of-control state as the system ages. The time that the process shifts to an out-of-control state is a random variable. It
follows a general distribution with increasing hazard rate. The product quality is inspected using an x-control chart.

The process is inspected at time intervals t, t,, t;,...,t . m is the number of quality inspection intervals in a
production cycle. Preventive maintenance activities are scheduled at | integer multiples of quality inspection
intervals, thus preventive maintenance activities are carried outat t;,, t,,, t;,.... If | =1, it means the preventive

maintenance activities are carried out at each inspection interval. If | = 2, it means that the preventive maintenance
activities are scheduled at each alternative inspection interval. The process production cycle ends with m quality
intervals or a true alarm, indicating the process is out-of-control. The process is restored to an as good as new state
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through maintenance. Demand is constant and all demands must be met. Classical economic production quantity
(EPQ) model assumptions apply here.

(1)

Figure 1: Inventory levels, tpy; is the times at the j-th PM
3. Notations

3.1 Decision Variables
Decision variables related to -control chart.

M = Number of inspection intervals

n, = Sample size at | -th inspection interval
h i = Sampling frequency at | -th inspection interval
kj = Control limit co-efficient at ] -th inspection interval

Other notations for the %-control chart are as follows.

Z,™ = Expected time to restore system to as good as new state
Z, = Expected time to perform one PM action

Z, =Expected time to repair system when failure is detected

a = Fixed cost for sampling

b =\Variable cost of sampling

C; = Cost of detecting a false alarm

C;, = Quality cost while producing in an in-control state

..+ = Quality cost while producing in an out-of-control state

& = Magnitude of the shift in process mean

z; = Probability that, exceeding control limits; process in-control: at J -th inspection interval

§; = Probability that, not exceeding control limits; process out-of-control: at J -th inspection interval

i

(t1 = Cumulative time to shift distribution

.
i

1y

Fe)=1-F(t)
Z.; =Equalto Z if PMis carried out at J -th inspection
&y =Time at the end of J -th PM inspection interval ¢, = h. and t; = h. + E-;';j.g::: + k) wherej=1...., m

P

E(t} = Expected total length of production cycle including PM time

ETC = Expected total cost
E(@C = Expected quality cost per production cycle including repair cost; PM cost not included
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Notation used for EPQ model

L(t) = Salvage valueattimet

D = Demand rate units per unit time

t, = Production run

P = Production rate units per unit time

I(t) = Inventory level at timet

C, = Inventory holding cost per unit, per unit time

S0 = Setup cost per production cycle

E(T) = Expected length of production cycle

E(T,) = Expected length of inventory cycle

E(HC) = Expected inventory holding cost per production cycle

Notation used for preventive maintenance

Cgm = Maximum system age reduction
Com = Cost of actual PM activities
E(PM )= Expected preventive maintenance cost per production cycle

3.2 Integrated Model Assumptions
The process assumptions are kept the same as those made in Rahim and Ben-Daya [1].

Duration of an in-control period is assumed to follow an arbitrary probability distribution f (t), having an
increasing hazard rate r(t), and cumulative distribution function F(t) .

The preventive maintenance actions reduce the age of the system proportional to the cost of the
maintenance.
If there is no PM, then it means the time to search for an assignable cause is negligible.

During the PM activity, it is assumed that production ceases for atime Z,. Z, = (C on /C o )Zlmax

The production ends either with a true alarm or at time {_, whichever occurs first. If there is no true alarm
up to time t__, then the cycle is allowed to continue for additional time hm . There is no cost of sampling

and charting during m —th interval. Attime t, necessary maintenance or equipment replacement is done.

During the inspection, if an out-of-control state is observed then production ceases until accumulated on
hand inventory is depleted to zero. Otherwise, production continues.

A salvage value is employed in the model, since the residual life beyond a certain age for the systems
involving increasing hazard rate will be rather short.

Failure rate, r(t) of the system is decreased after each PM.
The age reduction of the system is a function of the cost of the maintenance c_ . Let Y, (Wj) denote the
effective age of the equipment right before (right after) the | —th P
W; :(1_7/j)yj (1)
Equation 1 gives the linear relationship between PM cost and age reduction of the system,
where y, =plC_ /C>
where 77 (0 <7 <1) is the imperfectness factor for the equipment.

For j=1, vy, =h and for j=23,....m, y;=w +h;
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4. Non-uniform Sampling Frequency, Sample Size and Control Limit Co-efficient
In this work, the =-control chart parameters are also assumed to be nonuniform. As the process ages, the way sample

size and control limit coefficients change, are selected from Ohta and Rahim [2].
4.1 Non-uniform sampling frequency (k)

Uniform sampling provides a constant integrated hazard rate (r(t)) for a Markovian shock model. Benerjee and

Rahim [3] extended this fact to non-Markovian shock models by choosing the length of sampling intervals, such that
the integrated hazard rate over each interval is the same as for all intervals,

1T P plizd oo - ‘r'.;..
I rlthde = |7 ritdde,  rlt) = 2

FIL]

If the time process remains in an in-control state and follows a Weibull distribution.

o

FlE) = AptFteit ?3)
SF(E) =1-¢ (4)
where A and V are shape parameters for the Weibull distribution. Since failure rate is reduced. Equation 2 becomes
[ r@dt= [r®dde, =234, 5)
hy = {'.1'_{"_: . g wi_y for  j=1.234..m (6)

4.2 Non-uniform sample size (n;)

Non-uniform sample size is selected such that the relative proportion of sample size to corresponding sampling
interval is constant. That is, n; /h; = n,/h.. It means that sample size drawn per unit time in each sampling interval

is constant. Using k: from Equation 6, an expression for non-uniform sample size = is obtained,

—w;_y )} @)

n; = integer {':n:.-’.i!::l IL['.r_i-:i: +h]
4.3 Non-uniform control limit co-efficient (k; ]
k; is selected such that power of the control chart remains same in each interval.

= ,'f =z {.‘{ = z:l"..".?-":—"u"..“ll ( 8)

5. Expected Total Cost
Expected total cost per unit of time is obtained by,

ETC = (5, + E(HC) + E(PM) + E(QC) )E(T) 9)
Where E(T,) is given by, E(T;) = PD(E(T) — nypmZ,) (10)
Mom = E(PM)Cpm (11)

5.1 Expected length of production cycle
E(M)= Zz{i(F(yj‘)* F(Wj—l))+ 'E(Wm—l)}

=1

=
=
@D
=
(¢}
N

(z, if j=1203... (12)
o Otherwise

+ EZH Fw,)+ ihj F(w,)
+35,(F(y) - Fw,)

{ >+ Z)A hmﬂr**}

i=j+
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5.2 Expected preventive maintenance cost
m-1 _
E(PM)= > F(w))
=1

C if j=1213l,...
m-1 . where ) 7em 13
S, (FOD - F (0 Com { Otherwise
j=1
m-j-1
1+ Y i0-A)A"
i=1 '
+(m=j-1p"")
(m-1)
t,, is calculated using t,=h,+ D (Zi+h) (14)
5.3 Expected quality control cost I
E(QC)= a-+bn, +Z(a+bn ) F(w; )+Z,8J(a+bn ) < ( Z iA—-pB)s '+
+(M—j-1)B" )+ (C;, — out)ZIy' tf (Hdt + C;, zhj F(w;.,)
=1 Vi =1
+ (Cou — Cin)zyi (FQy) —F(w;,)) + Ca{Z(F(yi) —F(w;,))+ F(ym)}
j ji=1
+ Cout (Zﬂ (F(yi) — F(w;)) x Zh VZ
i=j+1
+C Za F(w;) — F(y,)L(,) (15)
5.4 Expected mventory holding cost
Let I(t) be the inventory attime t. E(HC) is given by, E(HC) = C,[ 1@t (16)
E(A) isthe area under |(t) and can be calculated as follows; = CE(A)
Let | j and |, be the inventory at the J —thand m—th inspection intervals respectively.
. l,,+(P-D)h,-Dz, if j=123.. E@A) = ilu,. ﬁ(wj,1)+2(1—ﬁj)8j(F(yi)f F(w;,))
: Ii..+(P-D)h; j=m = m1
+ Bm F(Wj—l) + Zﬂj (F(Yi) - F(Wj—l))
i* x > U. m-j-ig
where B; and U, are given by, 5; = - {azzj;lﬁ' i m} 17
L 0.5(21,, +(P-D)h;)h, +0.5D (1, , +(P—D)h,)* forl, =0 j=123,...m-1
,=
0.5(21,, +(P-D)h)h, +0.5(1 _, +1,+(P-D)h,)Z, forl; >0
U, =05@2I,,+(P-D)h,)h, j=m
6. Optimal Parameter
A problem is formulated in the form of Equation 9 containing five decision variables h, K, n,, m and I. | is

taken explicitly and different ETCs are found using different values of |. A tabu search algorithm in Glover and
Taillard [4] is used here to find optimal solutions.

7. Discussions

Selection and non-uniform scheme for h, n and Kk is highly dependent on process type and operation. It is
possible that selection of a non-uniform n and k does not have much effect on expected quality and total cost for
certain processes. Consider the following cases:
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7.1Case 1
Consider a process manufacturing a single item; the process follows the same assumptions as made in section 2. The
item in production is expensive and requires destructive testing. So, the cost associated with taking a sample size

(b) is large. So selecting a non-uniform scheme for n; and kj (power of test will remain constant) for such
processes will effect the bnj term. Expected total cost will be highly dependent on non-uniform sample size since,

n; will be reduced in each quality inspection interval.

7.2 Case 2

Consider a process producing a automobile part on a automated CNC machine. Size and dimensions of such parts
are controlled and checked through an automated process and requires much less time. In such cases, the cost
associated with taking a sample is very small. So, selecting a non-uniform will have a very small effect on quality
control costs, unless the part is examined in a separate quality department.

8. Conclusion
In this work the integrated model of production, quality and preventive maintenance was presented, where non-

uniform sampling frequency, sample size, and control limit co-efficient were selected. Expected total and quality
control cost was investigated for different preventive maintenance policies. Tabu search algorithm was used to find
optimal values of system variables. It was found that a non-uniform scheme for sampling frequency, sample size and
control limit co-efficient provided lower cost as compared to schemes where only sampling frequency is taken as
non-uniform. It was also discussed that selection of a non-uniform sampling frequency and control limit co-efficient
may not effect certain processes. Selection for such schemes is dependent on the process and operation under
consideration.
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