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Abstract 
 

In this paper, the measurement system of a pharmaceutical company is evaluated by Gauge Repeatability 

and Reproducibility study. The objectives are to identify inadequacies of the measurement system and 

provide guidelines for performance improvement. Measurement variability is evaluated by two 

components which are the variability due to the operators (reproducibility) and the variability due to the 

gauge itself (repeatability). In this study, designed experiments are used to isolate and estimate the 

components of variability in the measurement system. The data are analyzed by Analysis of Variance and 

gauge capability is evaluated by precision-to-tolerance ratio and the percent contribution of variance 

components to the total variability. The results are interpreted and suggestions are made to improve the 

performance of the measurement system. 
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1. Introduction 
 

Tests and measurements are applied to samples taken from production lines in order to control whether the products 

meet the required performance characteristics and quality levels. It is also necessary to evaluate the performance of 

the measurement system to be able to rely on the test and measurement results. The measurement errors can cause 

both poor quality products to be delivered to the customers and good quality products to be rejected and not 

delivered. Therefore, it is important to take into account the measurement errors in the system to prevent the 

misclassification of products and misleading decisions. 

 

In this paper, the measurement system of a pharmaceutical company is evaluated by Gauge Repeatability and 

Reproducibility (GR&R) study in order to identify inadequacies of the measurement system and provide guidelines 

for performance improvement. GR&R studies focus on quantifying the measurement errors (Pearn and Kotz, 2006). 

Reproducibility is defined as the variability due to different operators using the gauge (or in general, different 

conditions) and repeatability as reflecting the basic inherent precision of the gauge itself (Montgomery, 2005). The 

gauge is a measuring instrument. The capability of the gauge is assessed by its ability to repeat and reproduce 

measurements. A measurement system is repeatable if its variability is consistent and it is reproducible when 

different operators produce consistent results (Pyzdek and Keller, 2010). 

 

Most studies using operators and tests employ two primary methods to calculate GR&R results which are the 

average and range method (a.k.a. the Automotive Industry Action Group method) and the Analysis of Variance 
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(ANOVA) method (Kappele and Raffaldi, 2005). The appropriate quality measures to use for the evaluation of 

gauge capability include precision-to-tolerance (P/T) ratio, signal-to-noise (S/N) ratio, and discrimination ratio (DR) 

(Al-Refaie and Bata, 2010). In the literature, different approaches are adapted in GR&R studies. Papananias et al. 

(2017) evaluate uncertainty of length and diameter measurements associated with versatile automated gauging using 

full factorial designs, ANOVA, and effect graphs. Aquila et al. (2018) evaluate the behavior of wind average speed 

in different wind energy-producing states using nested design and ANOVA for GR&R. Weaver et al. (2012) 

propose the Bayesian approach, which requires specifying a statistical model for the data and a prior distribution for 

the model parameters, to data analysis and show how to estimate variance components associated with the sources 

of variability and relevant functions of these using GR&R data together with prior information. Wang and Chien 

(2010) apply process-oriented basis representation method for a multivariate GR&R study to identify specific causes 

of production problems and map them into a basis matrix, and then analyze these patterns individually using a 

random factor experiment. Erdmann et al. (2010) apply a GR&R study in health care using ANOVA, P/T ratio and 

graphical analysis. In this study, designed experiments are used to isolate and estimate the components of variability 

in the measurement system. The data are analyzed by ANOVA and gauge capability is evaluated by P/T ratio and 

percent contribution of variance components to the total variability.  

 

2. Gauge Repeatability and Reproducibility (GR&R) Study 
 

The main purpose of a GR&R study is to determine how much of the total observed variability is due to the gauge 

(or instrument) so that the capability of the gauge can be assessed. The total observed measurement (x) can be 

defined by Eq.1.  𝑥 = 𝑥Product + 𝜀           (1) 

where xProduct is the true value of the measurement and  is the measurement error. 

The variance of the total observed measurement (𝜎Total2 ) is defined by Eq.2, assuming that x and  are normally and 

independently distributed random variables with means  and 0 and variances 𝜎Product2  and 𝜎Gauge2 , respectively 

(Montgomery, 2005). 𝜎Total2 = 𝜎Product2 + 𝜎Gauge2           (2) 

Total variability includes both product variability and gauge variability. The product variability is the actual 

variation between parts produced by the process; it is also called the part-to-part variability. The variance of the 

measurement error (or the variance of the gauge) is defined by two components, repeatability (variability due to the 

gauge itself) and the reproducibility (variability due to the operators) of the gauge as in Eq.3. 𝜎Measurement Error2 = 𝜎Gauge2 = 𝜎Repeatability2 + 𝜎Reproducibility2       (3) 

The experiment used to measure these two components is usually called a GR&R study (Montgomery, 2005).  

 

After calculating the variance of the gauge, the capability of the measurement system can be assessed by the 

precision-to-tolerance ratio. ܲ/ܶ = ͸𝜎Gaugeܷܵܮ − ܮܵܮ = ͸𝜎Gaugeܶ           (4) 

where T is the tolerance, USL and LSL are the upper and lower specification limits, respectively. A gauge is judged 

capable if the P/T ratio is less than or equal to 0.1, and incapable if the P/T ratio is greater than 0.3 in which case the 

measurement system needs improvement.  

 

In order to identify inadequacies in the measurement system, percent contribution to the total variability made by 

each variance component can be calculated by dividing each variance by the total variance and by multiplying 100. 

 

3. Application and Results 
 

The amount of active ingredient (mg) of a specific drug produced by the pharmaceutical company is an important 

quality characteristic and measured by operators. Since every measurement destroys the part due to destructive 

testing, the measurements cannot be repeated on the same part. 

 

Kappele and Raffaldi (2010) suggest two alternatives for assessing repeatability with a destructive measurement 

system: 

 Use a replacement nondestructive test that correlates with the results of the destructive test. 

 Collect parts that are so similar in the property to be measured that it can be assumed they are the same part. 
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In this study, a sample of size six was taken from the same batch of production to provide uniformity within the 

sample so that it can be assumed that they are the same part; thus the variation in these identical parts from the same 

batch was assumed negligible in the data analysis. 

 

Two operators were randomly selected for the GR&R study. The reference standard of the drug was prepared 

separately by each operator prior to the measurements using the gauge. The samples were collected from three 

different batches. The measurement data are given in Table 1. Since the reference standard of the drug was prepared 

separately by each operator, a two-stage nested design was used (Figure 1). 

 

Table 1. The measurement data 

Part (Batch) 

Number 

Operator 1 Operator 2 

Test 1 Test 2 Test 3 Test 1 Test 2 Test 3 

1 489.2083 495.2939 488.2212 509.8210 503.8735 514.5253 

2 488.3434 489.0278 488.4349 498.3963 492.5487 503.9633 

3 494.8635 493.7041 491.0811 506.2688 507.3185 512.6657 

 

 
Figure 1. Two-stage nested design 

 

The random effects model for the two-stage nested design is given in Eq.5. 𝑥௜௝௞ = 𝜇 + ௝ܱ + ܲ௜ሺ௝ሻ + 𝜀ሺ௜௝ሻ௞ { ݅ = ͳ,ʹ, … , ݆݌ = ͳ,ʹ, … , ݇݋ = ͳ,ʹ, … , ݊        (5) 

where  represents the overall mean, Oj random effects of different operators, Pi(j) random effects of different parts 

nested under operator, and (ij)k random error. It is assumed that model parameters Oj, Pi(j), and (ij)k are independent 

and normally distributed random variables with (mean, variance) ሺͲ, 𝜎ை2ሻ , ሺͲ, 𝜎௉ሺைሻ2 ሻ  and ሺͲ, 𝜎𝐸2ሻ , respectively. 

Therefore, the variance of the observed measurement is ܸ(𝑥௜௝௞) = 𝜎ை2 + 𝜎௉ሺைሻ2 + 𝜎𝐸2         (6) 

and ANOVA is used to estimate the variance components. The variance component for the error term is gauge 

repeatability. The ANOVA procedure involves partitioning the total variability in the measurements into its 

components with the following sum of squares identity. ܵܵ𝑇𝑜𝑡𝑎௟ = ܵܵை + ܵܵ௉ሺைሻ + ܵܵ𝐸         (7) 

The summary of the procedure is given in Table 2. 

 

Table 2. ANOVA table for the two-stage nested design and random effects model 

Source  SS (Sum of Squares) df (Degrees of Freedom) MS (Mean Square) F0 

Operator ܵܵை = ݊݌ ∑ሺ𝑥̅.௝. − 𝑥̅…ሻ2௝  
𝑑𝑓ை = ݋ − ͳ ܵܯை = ܵܵை𝑑𝑓ை  

 ௉ሺைሻܵܯைܵܯ
Part (Operator) ܵܵ௉ሺைሻ = ݊ ∑ ∑ሺ𝑥̅௜௝. − 𝑥̅.௝.ሻ2௝௜  𝑑𝑓௉ሺைሻ = ݌ሺ݋ − ͳሻ ܵܯ௉ሺைሻ = ܵܵ௉ሺைሻ𝑑𝑓௉ሺைሻ 

𝐸ܵܯ௉ሺைሻܵܯ  

Error ܵܵ𝐸 = ∑ ∑ ∑ሺ𝑥௜௝௞ − 𝑥̅௜௝.ሻ2௞௝௜  
𝑑𝑓𝐸 = ሺ݊݋݌ − ͳሻ ܵܯ𝐸 = ܵܵ𝐸𝑑𝑓𝐸  

 

Total ܵܵ𝑇𝑜𝑡𝑎௟ = ∑ ∑ ∑ሺ𝑥௜௝௞ − 𝑥̅...ሻ2௞௝௜  
𝑑𝑓𝑇𝑜𝑡𝑎௟ = ݊݋݌ − ͳ   
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The calculations are carried out using the experimental data in Table 1 and the ANOVA results are given in Table 3. 

Based on the ANOVA results, it is concluded that both the effect of operator and the effect of part nested under 

operator are statistically significant at 0.05 significance level (p-value<0.05). 

 

Table 3. ANOVA for the nested design experiment 

Source SS df MS F0 p-value 

Operator 956.344 1 956.344 14.445 0.019 

Part (Operator) 264.827 4 66.207 4.346 0.021 

Error 182.816 12 15.235   

Total 1403.988 17    

 

Using the ANOVA results, the estimates of components of gauge variability 𝜎̂Rୣ୮ୣୟ୲ୟୠili୲y2  and 𝜎̂Rୣ୮r୭ୢ୳ୡiୠili୲y2 , 

product variability 𝜎̂Product2 , and total observed variability 𝜎̂Total2   are calculated by the formulas given in Table 4 

(Minitab, 2010). If any variance component has a negative value, its value is set to zero. Percent contribution to the 

total variability made by each variance component is calculated by dividing each variance by the total variance and 

by multiplying 100. 

 

Tablo 4. Variance estimates and percent contribution to total variability 

Source Variance Estimate (𝝈̂𝟐ሻ 𝝈̂𝟐 % Contribution 

Repeatability 𝜎̂Rୣ୮ୣୟ୲ୟୠili୲y2 = 𝐸ܵܯ  15.235 11.62 

Reproducibility 𝜎̂Rୣ୮r୭ୢ୳ୡiୠili୲y2 = ைܵܯ − ݊݌௉ሺைሻܵܯ  98.904 75.42 

Gauge 𝜎̂Gୟ୳gୣ2 = 𝜎̂Rୣ୮ୣୟ୲ୟୠili୲y2 + 𝜎̂Rୣ୮r୭ୢ୳ୡiୠili୲y2  114.139 87.04 

Product 𝜎̂Pr୭ୢ୳ୡ୲2 = ௉ሺைሻܵܯ − 𝐸݊ܵܯ  16.991 12.96 

Total 𝜎̂T୭୲ୟl2 = 𝜎̂Pr୭ୢ୳ୡ୲2 + 𝜎̂Gୟ୳gୣ2  131.130 100.00 

 

Precision-to-tolerance ratio of 1.28, which is higher than 0.3, indicates that the gauge is not capable. ܶ = ܮܷܵ − ܮܵܮ = ͷʹͷ − Ͷ͹ͷ = ͷͲ mg ܲ/ܶ = ͸𝜎̂Gaugeܶ = ͸√ͳͳͶ.ͳ͵ͻͷͲ = ͳ.ʹͺ 

 

The results for percent contribution indicate that gauge variability accounts for 87.04% of the total variability and 

most of it is due to reproducibility component (75.42%). Therefore, the measurement system is inadequate and it is 

necessary to reduce the variability due to the operators. 

 

A training program was prepared in order to eliminate the differences between operators. A new measurement 

procedure was prepared and it was decided that the reference standard of the drug be prepared by a single operator. 

After the operator training, a new experiment was conducted (Table 5). Since the reference standard was prepared 

by a single operator, the following random effects model for the factorial design, also called crossed design, was 

used for the analysis. 𝑥௜௝௞ = 𝜇 + ௜ܲ + ௝ܱ + ሺܱܲሻ௜௝ + 𝜀௜௝௞ { ݅ = ͳ,ʹ, … , ݆݌ = ͳ,ʹ, … , ݇݋ = ͳ,ʹ, … , ݊       (8) 

where  represents the overall mean, Pi random effects of different parts, Oj random effects of different operators, 

(PO)ij random effect of part-operator interaction and ijk random error. It is assumed that model parameters Pi, Oj, 

(PO)ij and ijk are independent and normally distributed random variables with (mean, variance) ሺͲ, 𝜎௉2ሻ, ሺͲ, 𝜎ை2ሻ, ሺͲ, 𝜎௉ை2 ሻ and ሺͲ, 𝜎𝐸2ሻ, respectively. 

 

Table 6 presents the formulas for the ANOVA and Table 7 its results. It is concluded from the ANOVA results that 

the model sources of variability (part, operator, and part-operator interaction) are nonsignificant (p-value>0.05). The 

formulas and calculations for variance estimates and percent contribution of variance components to total variability 

are given in Table 8 (Minitab, 2010). 
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Table 5. Measurement data after operator training 

  Part (Batch) 

Number 

Operator 1 Operator 2 

Test 1 Test 2 Test 3 Test 1 Test 2 Test 3 

1 495.968 502.964 496.623 508.167 491.563 503.215 

2 498.721 496.118 495.396 491.108 493.701 498.041 

3 491.055 499.385 484.665 493.963 499.997 492.449 

 

Table 6. ANOVA table for the crossed design and random effects model 

Source SS df MS F0 

Part ܵܵ௉ = ݊݋ ∑ሺ𝑥̅௜.. − 𝑥̅…ሻ2௜  
𝑑𝑓௉ = ݌ − ͳ ܵܯ௉ = ܵܵ௉𝑑𝑓௉  

 ௉ைܵܯ௉ܵܯ

Operator ܵܵை = ݊݌ ∑ሺ𝑥̅.௝. − 𝑥̅…ሻ2௝  
𝑑𝑓ை = ݋ − ͳ ܵܯை = ܵܵை𝑑𝑓ை  

 ௉ைܵܯைܵܯ

Part*Operator ܵܵ௉ை = ݊ ∑ ∑ሺ𝑥̅௜௝. − 𝑥̅௜.. − 𝑥̅.௝. + 𝑥̅...ሻ2௝௜  
𝑑𝑓௉ை = ሺ݌ − ͳሻሺ݋ − ͳሻ ܵܯ௉ை = ܵܵ௉ை𝑑𝑓௉ை  

𝐸ܵܯ௉ைܵܯ  

Error ܵܵ𝐸 = ∑ ∑ ∑ሺ𝑥௜௝௞ − 𝑥̅௜௝.ሻ2௞௝௜  
𝑑𝑓𝐸 = ሺ݊݋݌ − ͳሻ ܵܯ𝐸 = ܵܵ𝐸𝑑𝑓𝐸  

 

Total ܵܵ𝑇𝑜𝑡𝑎௟ = ∑ ∑ ∑ሺ𝑥௜௝௞ − 𝑥̅...ሻ2௞௝௜  
𝑑𝑓𝑇𝑜𝑡𝑎௟ = ݊݋݌ − ͳ   

 

Table 7. ANOVA for the crossed design experiment 

Source of 

variation 
SS df MS F0 p-value 

Part 119.321 2 59.660 3.685 0.213 

Operator 7.105 1 7.105 0.439 0.576 

Part*Operator 32.383 2 16.192 0.560 0.585 

Error 346.706 12 28.892   

Total 505.515 17    

 

Tablo 8. Variance estimates and percent contribution after operator training 

Source Variance Estimate (𝝈̂𝟐ሻ 𝝈̂𝟐 % Contribution 

Repeatability 𝜎̂Rୣ୮ୣୟ୲ୟୠili୲y2 = 𝐸ܵܯ  28.892 79.95 

Reproducibility 

𝜎̂Rୣ୮r୭ୢ୳ୡiୠili୲y2 = 𝜎̂ை2 + 𝜎̂௉ை2  𝜎̂ை2 = ைܵܯ − ݊݌௉ைܵܯ  𝜎̂௉ை2 = ௉ைܵܯ − 𝐸݊ܵܯ  

0.000 0.00 

Gauge 𝜎̂Gୟ୳gୣ2 = 𝜎̂Rୣ୮ୣୟ୲ୟୠili୲y2 + 𝜎̂Rୣ୮r୭ୢ୳ୡiୠili୲y2  28.892 79.95 

Product 𝜎̂Pr୭ୢ୳ୡ୲2 = ௉ܵܯ − ݊݋௉ைܵܯ  7.245 20.05 

Total 𝜎̂T୭୲ୟl2 = 𝜎̂Pr୭ୢ୳ୡ୲2 + 𝜎̂Gୟ୳gୣ2  36.137 100.00 

 

Based on the variance estimate of the gauge, the capability of the measurement system is assessed by the precision-

to-tolerance ratio. ܲ/ܶ = ͸𝜎̂Gaugeܶ = ͸√ʹͺ.ͺͻʹͷͲ = Ͳ.͸Ͷͷ 

P/T ratio is higher than 0.3, therefore, the gauge is incapable. 

 

The variability due to the operators (reproducibility) was eliminated but the measurement system needs 

improvement for the gauge itself due to 80% contribution of repeatability variance component to the total 

variability. Repeatability is the basic inherent precision of the gauge itself; therefore, the precision of the measuring 
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instrument should be increased. Calibration, proper use and maintenance of the instrument or replacement are the 

solutions. 

 

It should also be noted that repeatability component will be overestimated because of destructive measurement 

system. Although the test samples are taken from the same batch of production and the variation in these identical 

parts from the same batch is assumed negligible, there will be some variation that will cause repeatability be 

overestimated. 

 

4. Conclusion 
 

This paper presented the principles of a Gauge Repeatability and Reproducibility study and its application to the 

measurement system of a pharmaceutical company. A nested design and a crossed design were used for experiments 

in order to isolate and estimate the components of variability in the measurement system. The experimental data 

were analyzed by Analysis of Variance and gauge capability was evaluated by precision-to-tolerance ratio and 

percent contribution of variance components to the total variability. 

The GR&R study provided guidelines for improving performance of the measurement system. The variability due to 

the operators (reproducibility) was eliminated through a new measurement procedure and operator training program. 

Calibration, proper use and maintenance of the instrument or replacement were suggested in order to reduce the 

variability due to the gauge itself (repeatability). 
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