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Abstract

We study a set of inventory control problems with correlated demands over different time periods. On the
other hands, we relax the assumption of fully observation of the demand at the end of each time period. In
other words, we consider the case of partially observed (censored) demand in the context of a multi-
period inventory problem. If the demand in a period is larger than the inventory level, we don’t observe
the unmet demand. Otherwise, the demand is fully observed and the leftover inventory is carried over to
the next period. Formulating the problem as a Partially Observable Markov Decision Process provides a
dynamic program (DP) to minimize the total expected cost. Unfortunately, the corresponding DP is
defined on an uncountable state space, with little hope for a computationally feasible solution. We present
an interesting heuristic policy with a percentile threshold structure which outperforms the myopic policy
and performs close to the optimal policy. We derive its performance guarantee and evaluate it using
numerical simulations.
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1. Introduction

Inventory control is one of the important topics in operations research and management and it has been studied by
many researchers (Qin, 2011). In this kind of problems, the demand for some good is assumed to follow a stochastic
process and at the beginning of each decision epoch the decision-maker decides on the inventory level (i.e. how
many items to store) in order to satisfy the demand. As one of the challenging problems in inventory control, many
studies have been focused on different distributions of the demand. Most inventory models in these studies assume
that demands are independent and identically distributed over different time periods (e.g. Besbes 2010). However, in
recent years, it has been observed that this assumption might not hold in practice (Tai 2016), thus, there have been
research papers on the inventory problems with correlated demands over time (Hu 2016, Alwan 2016). For instance,
in some studies the demand is assumed to be Markov-modulated (Hu, 2016), or Autoregressive (Alwan 2016).

Another challenging problem in this field is about the observability of the demand. In other words, if the demand is
higher than the sale, the unmet demand might not be fully observable. In some inventory systems such as retail
stores, unmet demand of inventory is lost and cannot be observed or recorded. In literature, this problem is referred
as censoring or partial observability (e.g. Lu 2008, Bisi 2011).

In this paper, we address the two aforementioned challenging problems. We study the inventory control problem
when the demand is partial observable, and correlated over time periods as a Markovian process. Therefore, we face
with a Partial Observable Markov Decision Process (POMDP) problem. As such the solution of this problem can be
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characterized via a dynamic programming (DP), however, it is computationally complex and a POMDP is generally
known to be P-SPACE hard (Papadimitriou 1987). In literature, e.g. Bensoussan 2007 and 2008, a similar problem
set is studied and the “existence” of an optimal policy is shown. In our previous work, we proposed a sub-optimal
solution for a POMDP to solve the perishable inventory control problem (Mansourifard 2017). In particular, we
introduced a new class of heuristic percentile policies with percentile threshold structure, and evaluated their
performance. In this paper, we consider an extension to a multi-period inventory control with censored Markovian
demand in which the leftover inventory is carried over to the next period. We present the heuristic policy for this
problem and evaluate its performance using the lower bound derived on the cost of the optimal policy.

The remainder of the paper is organized as follows: In section 2, we review the related works. The problem
formulation is given in section 3 followed by the dynamic programming formulation in section 4. Section 5 presents
the heuristic policy and its performance bound. The simulation results are given in section 6. Finally, we conclude
the paper in section 7.

2. Related Literature

Most of the inventory control literature (e.g. Ding 2002, and Bensoussan 2009) assume that the demand process is
independent and identical distributed (i.i.d) at different time periods. Some prior works (such as Negoescu 2008,
Besbes 2013) consider the case where the demand distribution is i.i.d but unknown, so the learning plays an
important role in estimating the distribution and making the decision. For instance, in Besbes 2013, the demand
distribution is estimated from historical data. They show that the optimal policy has a percentile structure and
characterize the implications of partial observations on the performance of the optimal policy in both discrete and
continuous settings. However, in recent years, it has been observed that the demand distribution is not necessarily
i.i.d and it can have correlation over time (Tai 2016). For example, Hu 2016 studied the inventory control problem
with Markov-modulated demand. Note that in most of these papers, the demand is assumed to be fully observed.

In some other literature works such as Lu 2008, Chen 2010, and Bisi 2011, the inventory problem with partially
observed (censored) i.i.d. demand has been studied. In Bisi 2011, a Bayesian scheme is employed to dynamically
update the demand distribution for the problem with storable or perishable inventory. They show that the Weibull is
the only newsvendor distribution for which the optimal solution can be expressed in scalable form. In Lu 2008, the
perishable inventory control problem with censored demand is studied in which the demand distribution is assumed
to be i.i.d. but unknown. They use Bayesian approach to update the distribution parameters periodically based on the
censored historical sales data. Chen 2010 studied the non-perishable inventory control problem with censored and
i.i.d. demand. They developed bounds and heuristics for such a problem.

Furthermore, there are some research papers which study the inventory control problem with censored and
temporally correlated demands. In Bensoussan 2007, a perishable inventory management problem with memory
(Markovian) demand process is considered. In their work, some structural properties of the optimal actions relative
to the myopically optimal actions are obtained. And in Bensoussan 2008, they extended the work to the non-
perishable inventory. In these papers, the existence of an optimal policy is shown. In their work, some structural
properties of the optimal actions relative to the myopically optimal actions are obtained. In this paper, in contrast,
we focus on the design and analysis of a class of heuristic policies. In particular, we present the class of percentile
policies and evaluate their performance. In addition, we present a lower bound on the cost of the optimal policy
which can be computed with low complexity and give a measure for how close our heuristic policies are to the
optimal policy.

In our previous works (Mansourifard 2013, and 2015), we studied another version of this problem with no carry-
over in a network congestion control context and derived lower and upper bounds on the optimal policy. In this
work, we study the inventory control problem in which the demand is censored and Markovian and the left-over
inventory is carried over to the next time period.

3. Problem Formulation

In this problem, the demand is a Markovian process which is only partially observable to the decision-maker and the
action that the decision-maker must take is the quantity to be ordered to increase the inventory level. We consider a
discrete-time finite-state Markov process whose state, denoted by d;, is the demand amounts evolving based on a
known transition matrix over a finite horizon, T. At each time step (period) t, the decision-maker selects an ordered
quantity based on the history of observations and pays a cost which is a function of the total inventory level (i.e.
previous inventory level plus ordered quantity) and the actual demand B,. If the total inventory level is higher than
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the actual demand, the demand can be fully observed based on the number of sold items, otherwise, only the fact
that the demand was higher than the inventory level will be revealed (partial observation).

The objective is to select the sequential actions (policy) such that the total expected cost accumulated over the
horizon is minimized. Selecting an ordered quantity which makes the inventory level higher than the actual demand
causes the over-utilization cost, but gives full information about the actual demand. On the other hand, selecting an
ordered quantity which does not increase the inventory level higher than the actual demand causes under-utilization
cost, and only gives partial information about the actual demand. Therefore, the decision-maker faces with a trade-
off between selecting the ordered quantity which minimizes the immediate expected cost and selecting higher
ordered quantity to earn more information to minimize the future expected cost.

Since we do not get full observation all the time, we formulate our problem within a POMDP-based framework
defined as follows:

e State: The state of Markov process, d;, is one of the elements of a finite state set denoted by M =
{0,1,.., M} cCc Z.

e  State transition: The transition probabilities of the actual demand d, over time are assumed to be known
and stationary and indicated by a transition probability matrix, P. This is an |M| X |[M| matrix with
elements P;; = Pr(d.; = jld, = i),i,j € M, Vt which indicates the probability of moving from state i at
a time step to the actual demand j at the next time step.

e Action: At each time step, we choose an action q; € M as the ordered quantity. Note that the set of actions
are equal to the set of demands. We have an inventory level, denoted by L., which is the leftover inventory
from previous time steps.

e Observed information: The observed information at time step t is defined by the event o.(q, + L;) € O
which is a function of the inventory level, ordered quantity and the actual demand. The possible events
corresponding to the action gq; is as follows:

-0.(q; + L) ={d; = i},i € {0, ..., L; + q; — 1} is the event of fully observing d;. This corresponds to the
ordering of the quantity which increases the inventory level higher than d,.

- 0.(qs + L) = {d; = q; + L.} is the event of partial observing that d, is larger than or equal to the
inventory level plus ordered quantity.

e Cost: The immediate cost paid at time step t is a mapping C: M' X M X O = R, and depends on the
inventory level L;, the demand d,, and the ordered quantity q,. Therefore, the immediate cost function is
given by:

cy(Ly +q.—dy) if di<L +q

. 1
aldi—Le—q) if dp = Li+q M

C(de, Les qe) = coqe + {

where ¢, and c; are the over-utilization (holding) and the under-utilization (shortage) cost per unit, respectively, and
C, is the ordering cost per unit.

4. Dynamic Programming Formulation

We represent the decision problem based on the decision-maker’s belief, i.e. his posterior probability conditioned on
past actions and observations. In other words, we define the state to be the belief vector representing the conditioned
probability distribution on the hidden demand d, at each time step and minimize the expected cost-to-go
corresponding to the belief. Let the conditioned probability distribution of the demand (assuming a finite state set),
given all past observations, is denoted by a belief vector b, = [b:(0),...,b,(M)], with elements of b,(k) =
Pr | past observaitons), k € M. In other words, b, represents the probability distribution of d; over all possible
demands of M. The set of all possible belief vectors is denoted by D.

The goal is to make a decision at each time step based on the history of observations; but due to the lack of full
information, the decision-maker may only make the decision based on the belief vector. It can be shown that the
belief vector is a sufficient statistic of the complete observation history.

The belief updating M X O X D — D maps current belief vector, updated inventory level, and the observation to the
belief vector for the next time step:
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_ {TLt+qt[bt]P if op={d¢=L;+q}, @)

b =
1 LP if o, ={d, =i},

where [; is the M + 1-dimensional unit vector with 1 in the i-th position and O otherwise. Note that I;P is equivalent
to the i-th row of matrix P, i.e. P; . T, is a non-linear operation on a belief vector b, as follows:

0 ifi<a,
T,[b]() ={_ b ifiza @
Zitab()
The inventory level will be updated as follows:
_ {0 if op ={d; = L + q1},
Lo = { Le+q —i  ifo,={d, =1}, )

Figure 1 shows the POMDP models for this problem.

Fig. 1. The POMDP model

The immediate expected cost, caused by selecting the ordered quantity q; and based on the belief vector b, and the
leftover inventory L, is obtained by taking expectation of (1), as follows:

Clboliia) = ) beDCGLeiar)

ieEM
M Le+qe—1

=caera Y BOG-Le—a)+a Y b+ a0, (5)
i=L¢+qe i=0

The goal is to minimize the total expected cost in the horizon T, over all admissible policies m, given by

T
min JF(by, L) = min B C(de, L 4)lby), ©)

t=1
where b; and L; are the initial belief vector and the initial inventory level, respectively. J7((by, L) is the total
expected cost accumulated over the horizon T under policy m. The policy m specifies a sequence of functions
Ty, ..., Tp,where 1,is the decision rule and maps a belief vector b, and inventory level L; to an ordered quantity at
time step t, i.e,mi:D X M - M, M q, = n.(b,, L.). The optimal policy denoted by 7" is a policy which
minimizes (6) and it exists since the number of admissible policies are finite.
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We may solve this POMDP problem using Dynamic programming (DP), as the following recursive equations hold:
V(b Ly) = H}litn Vi(be, Le; qr), (7a)

Vr(br, Lt; qr) Z_ET(be Lr;qr), (7b)
Ve(be, Le; qe) = C(be, Ly; q¢) + E{Viy1(bryq, Les1)|Le, G b}, t<T (7¢)

where b, and L, are the updated belief vector and inventory level, respectively. They can be computed given the
ordered quantity g, and observation o, as shown in (2) and (4). The value function V,(b;,L;) is the minimum
expected cost-to-go when the current belief vector is b, and the inventory level is L;. Note that V; (b, L;; q) is the
expected cost-to-go after time t under belief b;, inventory level L, and the ordered quantity q at time t and following
the optimal policy for time t+1 onward, with updated belief vector and inventory level according to the ordered
quantity g. The future expected cost can be computed as follows:

]Eg/tﬂ(btﬂ: Les1)|Le, G, be}

= Z bt(i)Vt+1(TLt+Qt[bf]P‘0)

i=L¢t+qe
Le+qe—1

+ Z be(i)WVeya(PoyLe + g, — ). ®)

=0

Note that forall t = 1,...,T, Vi(b, L )= minJ7_.;(b;, L;) with probability 1. In particular, V; (by, L,) = JF (b1, L)
A policy ™ is optimal if for t = 1,...,T; ,”**(b,, L) achieves the minimum in (7a), denoted by:

q:pt(bt. Ly) = arg gfég} V(b Lg; ). ©

5. Heuristic Policy and its Performance Bound
5.1 Percentile Threshold Policies

Since finding the optimal policy is computationally intractable for large horizons, we consider specific form of
heuristic policies which have percentile threshold structure as follows:
Le+q

qurcentile(bt’ Lt) — min{q eEM: Z bt(i) > hPercentile(bl’Ll)}' (10)
i=0
where the threshold hPeTee™tie(p, [.) is a function of the initial belief vector b, and the initial inventory level L.
From now on we will call this form of heuristic policies, percentile policies. The reason to consider this specific
form of policies is that later in this paper we derive a lower and an upper bound on the optimal policy (with some
condition on the parameters) which both have percentile threshold structures and conjecture that there may be a
good approximation for the optimal policy with the same structure.

5.2 Performance Bound of PT Policies
In this section, we present a performance guarantee for percentile policies in the following theorem. This
performance guarantee is used to evaluate the heuristic percentile policies in the Simulation section.

Theorem 1. The performance bound on the percentile policy with threshold h”éTcentie ig given by:
jgeqcentile (bl Ll) ]TIferlcentile (bl Ll) VlPercentile (bl Ll)

OPL(by, L) JE% (b L) VEO(byLy)

M
VE (b L) = min Clbe, L @) + Z be(DVES (P, (Le + g — D)%),
i=0

, (D
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VtPercentile (bt: Lt) — FT—t(bt, L., hPercentile)

Lt+qurcentile(bt‘Lt)_1

+ Z bt (i)Vtie{centile (Pi,.l Lt + qurcentile (bt' Lt) _ i)
i=0
T—1 qurcentile(bpo)_l
+ Z [At,‘r Z bT(i)VTPf{wntile (Pi,.l qurcentile (br' 0) _ l)] (12)

T=t+1 i=0

Where b, =T} 14, ,[b;—1] and,

FT—t(bt: Lt: hPercentile) = E(bt, Lt; qurcentile (bt, Lt)) +

T
+ Z At,TCT (b.[, 0; qurcentile (bT, 0)) ,

T=t+1

Apy = i () 1_[ [iby(i)], (13)

i=L¢+qe t'=t+1 i=qu
such that C(b, L; q)is the expected immediate cost, defined in (5).

Note that VAT (P; )and VES (P;) can be computed recursively from (12). To proof the above theorem, we need the
following proposition.

Proposition 1. The cost-to-go of the optimal policy is lower bounded by the cost-to-go of the full observation (FO)
case under the same belief vector, i.e.,

Ve(be, L) 2 VO (b, Ly). (14)

Note that FO scenario corresponds to simpler case where in both cases of under/over-utilization the actual demand
could fully observed. In other words, there is no asymmetry in the observation. Since more information reveals at
each time, the total cost could be less than the total cost of partial observation case. This is given in the following
proposition. See Appendix A for proof.

5.3 Optimal Percentile Threshold Policy

In this section, we introduce the optimal percentile threshold policy, which chooses a threshold providing the
minimum cost-to-go for the given initial belief vector among all possible thresholds. We will show in Simulation
Section that this policy outperforms the myopic policy and performs close enough to the optimal policy. Among all
percentile threshold policies, the PT- opt policy provides the minimum cost-to-go which is given by:

L¢+r
rPT=oPt(p,,L,) = min{r € M: Z be(i) = RPT=P(b,, L))}, (15)
i=0
such that
RPT=oPt(p, L) = arg r}r}ip]fle (by,Ly), (16)

where JReneentite(p. ) is the total expected cost equal to VFé7¢emtle (p, .Y defined in (12) achieved by selecting
the actions corresponding to the threshold hPércentie(p, [, at all the time steps t = 1,...,T.

6. Numerical results

We present some numerical results to evaluate the performance of the introduced heuristic policy, PT-opt. The
simulation parameters, except in the figures that their effect is considered, are fixed as follows: the number of states
M =9, the under-utilization cost coefficient ¢,, = 0.5, ¢, = 1, and the transition probabilities given by:
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Figure 2 and 3 show the performance bounds of percentile policies versus under-utilization cost, ¢; and horizon, T,
respectively. As it is shown in Figure 2, for larger c;, the performance bound is tight and it is less than 1.5. For
smaller ¢;, the percentile policy outperforms the myopic policy with larger gap. On the other hand, figure 3 shows
that for small horizon, T, both our heuristic policy and the myopic policy perform close to the optimal and as the
horizon increase, the performance bound of our heuristic stays around 1.7 but the performance bound myopic policy

increases up to 2.8.
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Fig. 3. The performance bound of percentile policies versus horizon T, for M = 9,¢, = 0.5,¢y = 1, ¢; = 3.

Figure 4 and 5 show the threshold of percentile policies versus under-utilization cost, ¢;, and horizon, T,
respectively. As figure 4 shows, our heuristic policy prefers to choose a threshold close to one, in other words it
behaves aggressively to increase the chance of full observation. But the myopic policy chooses a very small
threshold for small ¢;, to decrease the immediate cost by acting conservatively. Furthermore, based on figure 5, our
heuristic policy chooses higher thresholds for larger horizon, since it could increase the chance of getting full
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observation and decreasing the future cost, but the myopic policy does not care about the future cost and chooses the
same threshold for any horizon.
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Fig. 4. The threshold of percentile policies versus under-utilization cost, ¢;, for M = 9,¢,, = 0.5,¢, = 1,T = 20.
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===Myopic| |

Threshold

15 20 25 30
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Fig. 5. The threshold of percentile policies versus horizon T, for M = 9,¢,, = 0.5,¢, =1, ¢; = 3.

7. Conclusion

We have studied a set of inventory control problems with Markovian demands over different time periods which can
only be partially (censored) at the end of each period. If the demand in a period is larger than the inventory level, we
don’t observe the unmet demand. Otherwise, the demand is fully observed and the leftover inventory is carried over
to the next period. We formulated the problem as a Partially Observable Markov Decision Process and since the
corresponding DP is defined on an uncountable state space, with little hope for a computationally feasible solution,
we presented an interesting heuristic policy with a percentile threshold structure which outperforms the myopic

policy and performs close to the optimal policy. We derived its performance guarantee and evaluated it using
numerical simulations.

As future works, we aim to identify the conditions where our heuristic policy is optimal. We can also consider a
more complicated scenario where the transition matrix is unknown and needs to be learned over time. It will be
interesting to study other correlation between demand overtime beside the Markovian relationship.
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Appendix A

To prove Proposition 1, we need the concavity of the value functions given in the following lemma.

Lemma 1. The expected cost-to-go accrued under action r and inventory level L, V,(b, L; q), and the value function,
V:(b, L), are concave with respect to the belief vector b, i.e.

Ve(b,L;q) = AVi(by,L; @) + (1 — DVi(by, L; q), Yr €M

V,(b,L) = AV,(by, L) + (1 — DV, (by, L), VO<A<TI. (17)

Proof of Lemma 1. We use induction to prove the concavity of V,(b, L; q) with respect to the belief vector, b, for the
finite horizon. Let’s assume b is a linear combination of two belief vectors b, and b,, such that:

b=21b; + (1 —-1)b,,0<A<1. (18)
At horizon T, the immediate cost, as given in (5), is affine linear with respect to the belief vector. In other words,
C(b,L;q) = AC(by, L; @) + (1 = D)C(by, L; q) (19)

which confirms the concavity of the expected cost-to-go at horizon T. Now assuming V,(.) is concave, we will
consider V;(.). Using (7¢) and (8) we have:

L+gq—-1
+ D 1O = by @ = (1 = Dby OWera(Pr, L+ =D

i=0

M M
e TuglBIP,0) D b(D) = Wera (g [biIP,0) D by(0)

i=L+q i=L+q

-(1- A)Vt+1(TL+q[b2]P: 0) Z b, (1) (20a)

i=L+q

= > bOWers (T,[61P,0) = X Ve (T g [41P,0)
i=L+q

—(1 = 2)WVes1 (Tpaq[b2]P, 0)] (20b)

I b1
TilLgb®
AN g b1 (D TLq[b () + (1 = D) XL g b2 (DT 4q[b2] ()
Zi:L+qb(l)

where the last equality follows from (19) and A’ = A Letj = L + g:

AITL+q[b1](/') +(1 - A,)TL+q[b2]U) =

I INGE e DDy (1= 2)SM, 0 b (D) =2

T L+qb(l> 0 I g b2
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_ A D+ A-Db() _ bG)
ZIiVI:L+q b(l) IL'V1=L+q b(l)

= Ti+qlb](D. 2D

And for j <L + 71, Tp4q[b1]() + (1 = A)T144[b2]1(j) = 0. Multiplying by P, we have A'T;,4[b;]P + (1 —
A)Ty4qb2]P = T4 q[b]P. The induction step follows the concavity of Vi, ().

To prove the concavity of value function, V,(b), with respect to b we use the definition of (7a) to get:

Vi(b,L) = minV,(b,L;q*) = V¢(b,L; q7) (22a)
T
= AV (by, L; q) + (1 = DVi(bo, L q7) (22b)
> AminV,(by,L; q1) + (1 — ) min Vi (by, L; q5) (22¢)
q1 qz2

where q* = argming V,(b; q) and (22b) is the result of the lemma for V;(b; q*) and applying the definition, given
in (7a), one more time in (22d) completes the proof.

Proof of Proposition 1. To prove this proposition, it is enough to show that,
Vi(be, Le) — VtFO (be, Ly) = Vt(bt: Ly; qf’”) - VtFO (btx Ly; qf”t) =0 (23)

for q; Pt = arg min,. V;(b;; q). First, the cost-to-go function of FO case can be computed as:

M
VEO b @) = Clbi @) + ) b VES(B,), el
i=0
Now to proof the proposition we use induction. Fist, at t = T we have:
Vi (br, Ly; a®) = VEO(by, Ly; qF%) = C(by, Ly; qgF*) = C(br, Ly; q5F) = 0 (25)

Now assuming (14) is true at time steps t + 1 onwards, we should prove it for time t.
opt_

Lt+qt 1
Vel L) = VIO L) 2 [C(bu L g") + D Be@Vera(PrLe + 0™ = )
M i=0
£ Ve (T, o b P, 0]
i=Lt+qut
Le+qlPt-1
[C(ulia™)+ Y bR L+ a7 (B) — )
i=0
M
£ BOVEE,0) (26)
i=Lt+qut
Thus,
Le+qlPi-1
Ve(by, L) = V{0 (by L) 2 Z be@Vesa(Pr,, Le + g7 = 1) = VEG(Py, L + ¢ = D)]
m i=0
£ B DWes (T, goelbiP,0) = VEL (P, 0)] @27)
i=Lt+qut

The first term is greater than or equal to zero based on the concavity at t + 1. We use the concavity of the value
function to get the following inequality:
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v . L 1P.0) > ZliW:Lﬁqut bt(i)Vt+1(Pi,.,0)
Hl( Lt+q?pt[ (P, )_ M opt be (7)

j=Lt+qt

Therefore, by applying (28) and the induction assumption at t + 1, we have:

M

D b@Wern (T, gorelbeP,0) = VES (P, 0)]
. opt
i=Lt+q,
M
> > b®O[Vera(P,0) — V(P 0)] 2 0
i=Lt+qut

thus, (27) is greater than or equal to zero. This completes the proof.
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